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Because of the increasing dependence of our society 
upon trained mathematical manpower, it is essential that 
vital and contemporary mathematics be taught in our schools. 

The mathematics program set forth in this publication 
has developed as a. result of experimentation and evaluation 
in classroom situations. This is Part II of Mathematics : 

8th Year . Part I, a separate bulletin, was published dur- 
ing the school year 1967-1968. 

This bulletin represents a cooperative effort of the 
Bureau of Curriculum Development, the Bureau of Mathematics, 
and the Office of Junior High Schools. 

We wish to thank the staff members who have so gener- 
ously contributed to this work which should enhance the ef- 
forts of our teachers in developing pupil competency. 

SEELIG LESTER 

Deputy Superintendent of Schools 



November, 1968 • 
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CHAPTER VI 



THE SET OF RATIONAL NUMBERS 

The material in this chapter is concerned with developing. con- 
cepts of negative rational numbers as an extension of the positive 
rational numbers and zero. Pupils are helped to see that the set of 
positive rational numbers and zero form a subset of the set of rational 
numbers, and that the set of integers is another important subset of 
the rational numbers. 

Among the important under standings developed in this chapter are: 

need for negative rational numbers 
relationship between positive and negative rational s 
as shown on the number line 
order in the system of rational numbers 
operations in the set of rational numbers 

The beginning lessons of the chapter investigate the need for 
negative rational numbers. In a previous grade, pupils have learned to 
represent the quotient of 1 4 * 3 as g.; the quotient of 2 4 - 5 as p etc. 

They know that when a whole number is divided by another whole number 
except zero, the resulting number is a rational, number. But the quotient 
of 3 -f (-8) or - f needs further explanation. Based on earlier work with 
integers, pupils are helped to understand the extension of the form 
where a and b represent integers (b ^ 0), 

The number line is used to visualize the concept of the additive in- 
verse (opposite) of a rational number. Pupils should understand that the 
invention of negative rational numbers makes it possible for every rational 
number to have an additive inverse. The number line is also used to de- 
velop pupil understanding of the^ concept of order in the set of ratio nals. 

As the operations of addition, subtraction, multiplication, and di- 
vision of rational numbers are developed, pjupils make use of their previous 
knowledge of whole numbers, non-negative rationals, and integers. It is 
important that pupils understand that the' properties of the non-negative 
rational numbers hold for the set of rational numbers. Practice examples 
are included to explore these understandings. 

The operations on rational numbers provide an excellent opportunity 
for reinforcement and practice in fundamental operations. 
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CHAPTER VI 



the set of rational numbers 

Lessons 54-60 



Lesson 54 

Topic: The Set of Rational Nunbers 

Aim: To discover a need for negative rational numbers 
Specific Objectives: 

To review the meaning of rational numbers in terms of whole numbers 
To discover a need for negative rational numbers 
To define rational numbers in terms of integers 

Challenge: To what set of numbers does -|- belong? 

I* Procedure 

A* Meaning of a rational number 

1. Have pupils recall that a rational number (of arithmetic) is 
one which can be expressed as a whole number divided by a 
whole number, other than zero. 

2. Is ^ a rational number? Why? 

Is I* a rational number? Why? 

Is 5 a rational number? Why? 

(Yes, because any whole number such as 5 can be expressed as 
a whole number divided by a whole number: etc.) 

3. Have oupils conclude from the work above that every whole num- 
ber is a rational number although not every rational number is 
a whole number.' Therefore, the set of whole numbers is a sub- 
set of the set of rational numbers. 

B. Need for negative rational numbers 

1. Replace the frames to make these sentences true. 

10 5 * r 1 because 5 x □ = 10 

-10 4* -2 * □ because -2 x H = -10 
12 ^ -3 * n because -3 x n = 12 
-15 G3 because -5x0= -15 

How were the signs of the quotient determined? 




2. Consider 2 f 5 = 1, 



a. , What is the sign of the quotient? 

b. What is the quotient? 

c. What kind of number is the quotient §-? (positive rational) 
3. Refer to challenge 2 ■? -5 = r ~\. 

a. According to the -rules'- for division of integers, what 
must be the sign of the quotient? 

b. What is the quotient? 



c. What kind of number would you call — —? 

5 

4. pupils conclude that the set of rational numbers in- 
cludes the negative rational numbers. 



C. Redefining a rational number in terms of integers 



1 . 



Have pupils recall that if a number can be 
number divided by a whole number other than 
tive rational number. 



expressed as a whole 
zero, it is a posi- 



2 . 



Lead the pupils to understand that thi 
to the non-negative rational numbers, 
bers does not include negative numbers 



s definition is related only 
since the set of whole num— 



3 ‘ f^ n ° e th ! S6t ° f rational numbers has been shown to 

number" a^foUow"?” 6Xtend the definition "rational 



If a number can be expressed as an integer divided 
other than zero, it is a rational number. 



by an integer 



II, Practice 



1, Complete the following: 



-12 t 2 = n 


because 


2 


X n= -12 


3t 7 = n 


because 


7 


x n = 3 


-3 * -11 = n 


because 


-11 


X H = -3 


-5 * 8 = n 


because 


8 


x n = -5 



2. Express in rational form: 

165 * -15 = ? 

-45 4- 15 == ? 

16 -?■ -12 = ? 

-13 4- 26 = ? 

-22 -r -23 = ? 
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3. Compute the quotients: 



10 = 9 


34 


= ? 


5 


—6 






6 


= ? 


10 


-2 4 




-_L = 9 


—45 


rr? 9 


3 


•3 




= 9 


-G 


- 9 


9 


-46 





III. Summary 

A. How is the set of whole numbers related to the set of rational 
numbers? 

B. If a positive integer is divided by a negative integer, the 

result is a rational number. 

C. If a negative integer is divided by a negative integer, the re- 
sult is a rational number. 



D. How do we define a rational number in terms of integers? 



Lesson 55 

Topic: Rational Numbers 

Aim: To develop by use of the number line, the concept of order in the 
set of rational numbers 

Specific Objectives: 

To show that each negative rational number can be associated with a 
point on the number line 

To develop the concept of order in the set of rational numbers 
Challenge: Indicate the opposite of — ©n the number line, 

3 

I. Procedure 



A* Negative rational numbers on the number line 



1* Have pupils draw a number line as indicated below: 












2. How many points are 3 units from zero? What numbers are as- 
sociated with these points? (+3 and -3) Indicate these points 
on the number line, 

3* Why do you think that +3 and -3 are called opposites? (Because 
they are the same distance from zero, but in opposite directions,) 

4, What is the opposite of 3^-> + 2l, -i, -2l? Indicate these points 
on the number line, 2 a a a 

5. Return to challenge. What is the opposite of 2.? Indicate this 

point on the number line, 3 

B. Order in the set of rational numbers 



1, Have pupils prepare a number line as indicated below: 




2. Which is greater 0 or 1; 0 or -1; -1 or 2, -1 or -2? 

3, What can you say of the relative position of the points corres- 
ponding to 0 and 1; 0 and -1; -1 and 2; -1 and -2? (The greater 
number is associated with a point to the right of the point as- 
sociated with the lesser number,) 
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4. Have pupils locate on a number line the points associated 
with the following pairs of numbers: 

- and i li- and li- 

4 4 4 2 

-- and 0 “ i and -I 

4 2 4 

5. Consider the number line: 




For each of the .fpllowihg pairs, insert the symbol > or < to 
make a true statement, 

i i - i, - i 




6. Elicit that the set of rational numbers follows the same pattern 
as the set of integers, J The greater number is associated with 
a point to the right of the point associated with the lesser num- 
ber. 



II, Practice 

1, Vihat is the opposite of each of the following: 2, -3|-> m ^> 01 



2, Judge the following true or false. 




4 2 



i > 0 

4 



0 < 2L 

4 

0 > -li 
2 

-2 > li 

4 



III. Summary 

A. Explain by referring to the number line what we mean when we say 
-3 is the opposite of +3. 

I. ~ - 

B. On the number line the point associated with the greater of two 

numbers is always to the . of the point associated with the 
lesser number. ' 



C, How wo ul d you explain"' that on the number line the point associated 
with is to the right of the point associated with 2^ , while the 

ooint associated with’ -i is to the left of the point associated 



with 



l'O ’ : 
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Lesson 56 



Topic: Addition and Subtraction of Non-negative Rational Numbers 



jfote to Teacher: This is essentially a review lesson* Use as indicated 
by the needs of the pupils. 

Aim: To review addition and subtraction of non-negative rational numbers 
Specific Objectives: 

To review addition and subtraction of rational numbers named by 
fractions with like denominators 
To review addition and subtraction of rational numbers named by 
fractions with unlike denominators 

Challenge: In our family budget J- of the income is used for rent and 1* 

is used for food. What fractional part of our income is 
used for both food and rent? 

I* Procedure 

A, Addition and subtraction of rational numbers with like denominators 

1* Have pupils recall that if the denominators of the fractions are 
alike, we simply add (or subtract) the numerators to get the 
numerator of the sum (or difference). 

2. Perform the indicated operations? 




B, Addition and subtraction of rational numbers named by fractions with 
unlike denominators 

1* Refer to challenge problem. 

a. Elicit that to solve the problem, we must perform the following 
additions L + ±. 

5 4 

What must be true of the denominators before we can combine the 
numerators? 

Elicit that each number must be renamed so that the denominators 
are alike. Have pupils suggest several names for List them 
on the board. 6 

b. Consider the set of names for £». 

s 

fl 2 3 4 5 6 7 8 > 

'S** 10* is* 30 * 3 6* 30 * 3? 4? ** *' 

The set of denominators is A » {5, 10, 15, 20, 25, 30, 35, 40,.,. 
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Elicit that A is also a set of multiples of 5> the de- 
nominator of i. 

s 

In like manner, elicit the set of names for 

Then a set of multiples of 4, the denominator of $, is 

B = f4, B, 12, 16, 20, 24, 28, 32, 36, 40, 

Recall that the common elements of sets A and B make up a 
set of common multiples of 5 an d 4* A 0 B = f 20,40, 60, • ••}. 

c. Elicit that any member of the intersection set may be used 
as a common denominator to rename i. and i.. 

5 ^ 

Lead pupils to see that the set of common multiples of the 
denominators of two fractions is the same as the set of 
common denominators* 



Lead pupils to see the advisability of using the least 
common denominator, (L.C.B.), which, in the preceding illus- 
tration, is 20. 



d* In the example — + ~ a common denominator (a common multiple 
of the denominators; must contain 5 and 4 as factors* Since 
5 and 4 have no factors in common other than 1, the product 
5x4 or 20 is the least common denominator, (the least common 
multiple of the denominators.) 






4 

30 



+ 



5 

3 O 



9 

30 



e. Consider — - i.. 



8 



How would you suggest ~ and be renamed before subtracting? 

(They should be renamed by fractions with like denominators.) 
What is the least common denominator of - and i? (24) 

8 3 

How can 1 and i. be renamed by fractions with 24 as the de- 

8 3 

nominator? 



15 

34 

7 ^ 

34 



8 

34 
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II* Practice 



A. Name a common 
fractions : 


denominator 


for each of the 

t, B 


following pair 


1 1 3 

4 , e 


O 2 3 

5 7 10 


- 3 i. * 

2 3 


4. i, i 

2 r 


C 2 3 

5# 3’ 4 


6 7 2 

* 3 


7 4 2 

i • “) — * 

=> 3 


8 . * i 

* 2 7 7 


B. Add: 




*> 

J V 1 - 




1 . I + 2 . 

4 8 


2 . |L + 2 

O 10 


3. I + I 

3 2 


4- i+I 

2 5 


5. - + 3 

3 4 


6 . 7 + 2 
8 3 


7. i + 1 

5 3 


8 . i + 1 

2 7 


C. Subtract: 











D. Add: 







5* 



4 

5 



2 

3 



3. 3i + 2i + i 

3 3 6 



III. Summary 



A * c°!' We a f d ° r J EUbtraCt two : rational numbers that are named by 
tractions whose denominators are alike? J 

B. How do we- add or subtract twolrational numbers that are named by 
fractions whose denominators^ not alike? (Rename the rational 
numbers by fractions with a common denominator.) 

•C. How do we find a common denominator for two or more unlike de- 
nominators? 

Cl);-'. ■ ■ . > 

I • 

31; j • 

D. Why is it an advantage to us.^ the least common denominator in 
adding or subtracting fractions with unlike denominators? 



S 
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Lesson 57 



Topic: Addition of Positive and Negative Rational Numbers 

Aim: To develop rules for the addition of positive and negative rational 
numbers 

Specific Objectives: 

To review addition in the set of integers 

To apply the rules of addition in the set of integers to addition of 
rational numbers 

Challenge: What is the sum of |» + 

I. Procedure 

A, Review of addition in the set of integers 

Note : Review, if necessary, the concept of absolute value as pre- 
sented in the chapter on integers, 

1, Consider the following examples: 

6 + 11 = ? 5 + (- 4 ) - ? 

-7 + (-9) = ? -6 + 5 = 7 

2, Have pupils recall that: 

a. When both addends are positive, their sum is positive. 

When both addends are negative, their sum is negative. 

In each case, the absolute value of the sum is the s»m of 
the absolute values of each of the addends, 

b. When one addend is positive and the other negative, the sign 
of the sum is determined by the sign of the addend with the 
greater absolute value. In this case, the absolute value of 
the sum is the difference between the absolute values of the 
two addends, 

3, Find the sums of the examples in A-l, 

B, Addition of positive and negative rational numbers 

1, On the number line find the sum of 5 + (-^). 

Have pupils recall that on the number line addition of a positive 
number is represented by moving to the right and addition of a 
negative number by moving to the left. 
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2 - 1 



0 



1 



a 



5 




3 



4 



5 



Therefore, 5 + (- 5 ) = 4|. 

2. Using the number line, find the following sums: 



a* li + i 

b. -4 + (- ® ) 



d. -l£ + i 



4 



3. What is the sign of the sum in example a above? 

What is the sign of the sum in example b above? 

What is the relationship of the absolute value of the sum to the 
absolute values of the addends in each of these examDles? 

4* What is the sign of the sum in example c above? 

What is the sign of the sum in example d above? 

What is the relationship of the absolute value of the sum to the 
absolute values of the addends in each of these examples? 

5* -Elicit that the rules for addition in the set of integers seem 
to apply for addition in the set of rationals. Tell pupils that 
this is true. 

6. Using the rules developed above, find the following sums. Check 
the answers on the number line. 



7. Return to challenge. Using the rules for addition of rational 
numbers, find the sum of §• + (- 4). Solution: §■ + (- §•) =2.. 

II. Practice 

A. Find the following sums: 



4i + 2i 
6 + (- 3i) 



-2 + (- 2i) 

-7r + 4 



3k + (- 2) 



i + (- 1) 



74 + (- 74) 



4 4 



1+0 



8 4 
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B # Show by illustrations that the set of rational numbers has the same 
properties of addition as the set of integers 

III. Summary 

A. Explain how the sum of two integers is determined wnen the addends 
are both positive; when the addends are both negative; when one 
addend is positive and one addend is negative. 

B. How do the rules for adding rational numbers compare with the rules 
for adding integers? 
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Lesson £8 



Topic: Subtraction of Positive and Negative Rational Numbers 

Aim: To develop rules for subtraction in the set of rational numbers 

Specific Objectives: 

To review the rules for subtraction in the set of integers 

To apply these rules to subtraction in the set of rational numbers 

Challenge: Which answer will be greater? 6|. 4- (- 2L) = ? or 6|» - (- 2i.) — 
I, Procedure 

A. Review rules for subtraction in the set of integers 

1, Have pupils recall that by definition, in the set of integers, 
subtracting a number is the same as adding its opposite. 

2. Rewrite these subtraction exercises as related addition ex- 
amples. Find their sums. 

8 - 12 = 8 + (?) -4 - (- 3 ) = -4 + (?) 

-5 - 3 = - 5 + (?) 9 - (-3) = 9 + (?) 

B. To apply the rules for subtraction to the set of rational numbers 

1. Elicit that we defined the subtraction of an integer as the 
addition of its opposite. 

2. Tell pupils that just as the rules for addition of integers were 
applied to addition of rational numbers, so we can apply the rule 
for subtraction of integers to subtraction in the set of rational 
numbers . 

3. Consider these three different examples: 

7 * 7 * 7 7 * ’7 ™ ' 7 ' 

a. Elicit that these are examples of subtraction of rational 
numbers. 

b. Write the opposites of ~, of - — . 

7 7 

c. Rewrite the subtraction examples as addition examples and 
find the answers. 

4. Have pupils realize that the operation of subtracting a rational 
number is defined as adding its opposite. 
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5. Answer the challenge 



II. Practice 



A. Perform the following operations 
5 - (- 8) = ? 



68 - (- 78) = ? 



21 + — 1 + — ? 



9 - 8 = ? 



B. Compute the answers to: 



5 3 



1 - I 
10 3 



3 5 



6 “ (- |) 

C. Compute: ~ - JL 
8 16 




To what set of numbers does the answer belong? 



D. Is 1 ~ i = '1-1 true? 
8 8 8 8 



What does this show about the commutative property with respect 
to the operation of subtraction? 

How many counter examples are needed to show that a property 
does not hold? (one) 

E. Is the set of rational numbers closed with respect to subtraction? 
III. Summary 

A. What is the rule for the subtraction of rational numbers? 

B. Show by example that the commutative and associative properties 
do not hold for subtraction in the set of rational numbers. 
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Lesson 59 



Topic: Multiplication of Rational Numbers 

Aim. lo develop rules lor multiplication of rational numbers 
Specific Objectives: 

To review the rules for multiplication in the set of integers 
o apply these rules to multiplication in the set of rational numbers 

Challenge: Name two rational numbers whose product is -42. 

I. Procedure 

A. Review rules for multiplication in the set of integers 

1. Have pupils recall the rules for the multiplication of integers. 

2. Find the products of: 

a. 7 x (- 6) c . ^ x (_ 5) 

b * x 3 d. 8 x 10 

B. Multiplication in the set of rational numbers 
1* Consider the example above: 7 x (— 6) = —42. 

a. Is 7 a rational number? Explain. 

A rational number is any number which can be expressed as an 
integer divided by any integer except zero. 

b. Is -6 a rational number? Explain. (- 2.. - *2. ) 

c. Refer to challenge: 7 x (- 6)- -42 is one answer to the chal- 
lenge since 7 and -6 are rational numbers. 

2. Using similar procedures for A-2b, c, d above, guide pupils to 
see that the rule of signs in multiplication in the set of in- 
tegers seems to apply to the set of rational numbers. Tell 
pupils that this is true. 

3* Find the products: 

ix5 = ? -6 x (- i) = ? 10 x (- |) = ? _ * x i = ? 

3 4 a 

4. In each example above, 

a. How was the sign of the product determined? 

b. How was the absolute value of the product obtained? 
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II. Practice 



A. Find the following products: 




8 x (- 3) 


-12 v (- 15) 


-14 v (- 2) 


-3x6 


17 x 3 


-16 x (- 20) 


B. Find the following 


products: 




— 3 X 


7 x (- i) 
2 


i x 0 

3 




- 3 X (- * ) 

4 6 


| x 1 


C. Find the following 


products: 




34 X (- i) 


-5i x (-1) 


-2.5 x (- .02) 


-4 x li 


-3.5 x (- .5) 


-.03 x (- .65) 


D. Show by illustrations that under the operation of multiplication, 
the set of rational numbers has the same properties as the set of 
integers. 


III. Summary 






A. Why is an integer considered to be a rational number? 


B. Compare the rules for multiplication in the set 
bers with the rules for multiplication in the s 


of rational num- 
et of integers. 
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Lesson 60 



Topic: Division of Rational Numbers 

Aim. io develop ruj.es lor division in the set of rational numbers 
Specific Objectives: 

To review division in the set of integers 
To apply these rules to the set of rational numbers 

Challenge: Write i * las a related multiplication example. 

I • Procedure 

A. Review rules for division of integers 

1. Have pupils recall the rule of signs in division of integers. 

2. Have pupils do the following examples: 

(+8) -r (+5) = ? (+6) ■=■ (-2) = ? 

(- 3 ) * (+ 1 ) = ? (_ 15 ) + (_ 3 ) = i 

B. Rules oi* division in the set of rational numbers 

1. Refer to challenge. How do we determine the Quotient of — 
divided bv EL? ’ 4 

* 5 

Recall that since the positive rationals behave like the frac- 
tional numbers of arithmetic, the division can be nerfcrmed as 
follows: 



T 7 

— 3 x 6 
4 -X f 

_ 15 

28 



Why? (multiplicative inverse) 

Why? (definition of multiplication of rational 
numbers) 



2. Guide pupils to see that just as the rules for addition, multi- 
plication, and subtraction of integers were aDplied to the set 

t% e ?s\Tthe™et r o S f rationaTnSe?s! he rUlef ° r division of in " 

3. Have pupils apply this rule to find the following quotient: 3 * ( *) 
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what is the sign of the Quotient? Why? 



2. -r (- Z.) — — y . (- — ) Why? 

4 5 4 7 



3 V 5 



Why? 



4. Check by multiplication. Is 



11 x-1 = - true? 

38 5 4 



5. Compute: 




l4(.i)=ix 

4 5 4 





3 V 5 

4 y 3 



Why? 



= - 3x5 

3 y 4 

_ _ 5 

4 



Why? 



Why? 



6, After several similar examples, elicit that the rules for signs 
in division in the set of rational numbers is the same as for 
division of integers. 



II. Practice 



A. Find the following quotients: 



1 . 



li 




2. 8 f(-i ) 




5 

a 




2 

5 



) 



B. Check each of the examples in A, by multiplication. 



III. Summary 

A. What is the reciprocal of a rational number? 

B. What is the rule for determining the sign of the answer in divi- 
sion of rational numbers? 




CHAPTER VII 



EQUATIONS AND INEQUALITIES 



In this chapter are materials and suggested procedures for: 

solving open sentences in one variable — equations and 
inequalities 

using equations to solve verbal problems 
reinforcing the meaning of ratio and equivalent ratios 
developing the meaning of proportion 
using proportion in problem solving 



The chapter presents a means of reviewing the concepts of open 
sentence, variable, replacement set, solution set. Then, the basic con- 
cept of equivalent equations is introduced. Pupils are guided to learn 
that two equations in the same variable are equivalent if they have the 
same replacement set and the same solution set. If, for example, the 
replacement set is the set of rational numbers, 3x+6 ?= 18 and xfv£=6 are 
equivalent equations, because the solution set for each is fvi. 

In solving an equation, the aim is to use systematic procedures 
to transform an open sentence such as 2 x+ 7=17 into an equivalent equation 
of the form x=5. This latter sentence has the distinct advantage of hav- 
ing a solution set which is obvious. Procedures are suggested by which 
pupils can discover and use the two basic properties of equality, the ad- 
dition property and the multiplication property for transforming an equa- 
tion into an equivalent equation. 

In this chapter also are suggestions for developing understanding 
and skill in solving various problem situations through the use of simple 
equations • The distinction between the solution of an equation and the 
solution of a problem is stressed. The solution of an equation is a num- 
ber which must be interpreted by the pupil in terms of the problem situa- 
tion. 



The concept of a ratio as an ordered pair and the concept of equiva- 
lent ratios are reviewed. Proportion is then introduced as a mathematical 
sentence which says two ratios are equivalent. A proportion may be pre- 
sented as an open sentence or as a statement which is either true or false. 

Pupils are led to discover that in a proportion "the product of the 
means equals the product of the extremes." Using this fact as a tool, 
they learn to find the solution of various verbal problems through the use 
of proportion. 
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CHAPTER VII 



EQUATIONS AND INEQUALITIES 



Lessons 61-78 



Lesson 6l 

Topic: Open Sentences 

Aim: To reinforce the concepts needed for finding solutions of open 
sentences.. 

Specific Objectives: 

To review and reinforce the meaning of: 

Statements of equality 
Open sentences 
Variable 
Replacement set 
Solution set 

Challenge: Which of these is an open sentence? 

a. 4 + 2 = 6 b. 10 - 3 = 7 c. 2n = 14 

I* Procedure 

A. Statements of equality 

1. Refer to challenge. Which of the above sentences can be 
judged true or false? (a and b) How do mathematicians re- 
fer to a sentence which can be judged true or false? (it 
is called a statement.) Which of the above sentences are 
statements? (a and b) 

2. Why isn’t 2n = 14* the sentence in c, considered a state- 
ment? (We cannot judge its truth or falsity until n is re- 
placed by the name of the number.) 

B. Open sentences 

1. What name do we give to a sentence such as 2n = 14 whose 
truth or falsity cannot be determined until n is replaced 
by the name of a number? (open sentence) 

2. Which of the following are open sentences and which are 
statements? 



a. 5 x 3 = 15 

b. n = 2 

c . 4 + 8 = 12 



d. 3+0-13 

e. y + 3 = 10 

f . x is an odd number 
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C. Variables 



1. Name the symbol in each of the open sentences in B-2 which 
holds the place for a member of the replacement set. What 
are such symbols called? (variables) 

2, What is the variable in each of the following open sentences? 



D, Replacement set 

1, In the open sentence 3 + x * 10, let us agree that x refers 
to any one of the numbers 0,1,2,3*4*5*6,7*8,9*10. Then we 
call { 0,1, 2,,,,, 10} the replacement set. Which elements of 
the replacement set will make the sentence true? (7) 

2. If the replacement set for each of the following sentences is 
{0,1,2,3*4*5****1* what are all replacements that will make 
each of these sentences a true statement? 



3* Tell pupils that in the open sentence n + 2 =» 3* since 1 is 
the member of the r eplacement set that will make the sentence 
true, we say that 1 is a root , or that 1 satisfies the equa- 
tion. Therefore, 1 is a solution of the equation n + 2 « 3* 

Which member of the replacement set is a root of the equation 
3y = 9? What is the solution of the equation 3y - 9? 

E< Solution set 

1. We say we have found the solution set of an open sentence, when* 
for a given replacement set, we have found all the replacements 
for the variable that result in a true statement. 

Refer to examples IK2, a,b. 

a. What do we call the number that makes the sentence n + 2 * 3 
true? (a solution of the sentence) Is there any other re- 
placement which will make the sentence true? (no) What then 
is the solution set of n + 2 = 3? Answer: fll. 

b. Is 3 a root of the open sentence 3y — 9? What other replace- 
ments will make the sentence true? (none) How do we indicate 
that 3 is the only replacement which will make the sentence 
true? Answer: [3] . 

c. What name do we give to (3^? (solution set) 



a, O + 4 * 8 

b. She has blue eyes. 



c. x + 3 * 14 

d. 5 + y - 2 



a. n + 2 = 3 (1) 



b. 3y - 9 (3) 
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d. How is the solution set related to the replacement set? 
(It is a subset of the replacement set.) 

2. Use f0,l,2,3, . • . } as the replacement set for the variable 
to find the solution set for each of these open sentences. 



a. n + 5 = 12 


c. y = 4 


II 

file*'* 

• 


d. 2x + 1 = 11 


II. Practice 




A. Which of the following 


are open sentences and which 


ments? Explain. 




1. 7 + 5 » 12 


4. 10 + x =* 15 


2. n + 5 = 12 


5. 4 - □= 2 


3. 4 + (-1) = 3 


6. 8 r 4 s 2 



B. Circle the variable in each of the following open sentences. 

1. She is wearing a red dress. 4. y = 10 

2. i of n= 5 5. Aa + 2 = 10 

3. x + 5 — 8 6. It is made of copper. 

C. For each of the following sentences consider f-1, 0,1,2,31 as 
the replacement set for the variable. Find the solution set 
of each sentence. 



1. 3x = -3 f-ll 

2. 4 + y = 7 f3l 

3. y x 0 = 0 f-1, 0,1, 2, 3} 



4. b = -1 f -1 } 

5. 3x = 15 { 1 or 0 



III. Summary 

A. When is a sentence a statement? 

B. What is meant by an open sentence? Give an example of one. 

C. A variable is sometimes referred to as a "placeholder." Can 
you explain why? (It holds the place in a sentence for a name 
of some member of a set.) 

D. How is the solution set of an open sentence related to its re- 
placement set? (It is a subset of the replacement set.) 



ERIC 
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Lesson 62 



Topic: Inequalities 

Aim: To review the solution of an inequality by testing the members 
of a given replacement set 

Specific Objectives: 

To review the meaning of symbols of inequality 
To judge whether an inequality is true or false 

To reinforce the concept that an open sentence may be an inequality 
To review the solution of inequalities of the form x > n and of x < n 

Challenge: How many elements belong to the solution set of x > 4, when 
the replacement set is {l, 3, 5,7,9}? 

I, Procedure 

A. Review meaning of symbols of inequality 

1. What does 5 > 3 mean? x < 4? 6^5? 

Note : Have pupils realize that the symbols n > tt and W < H always 
point to the smaller value. 

2. Recall that a sentence which says that one quantity does not 
equal another quantity is called an inequality . 

B. Judging truth and falsity 

1. Which of the following are true statements? (a,b,f) 

a. 8 ^ 5 d. -6 > 0 

b. -7 < 8 e. 5^3 + 2 

c. 9 > 14 f. 58 > -57 

2. Using a symbol of equality or inequality, change each false 
statement in 1 above to a true statement, (c. 9 < 14, 

d. -6 < 0, e. 5 = 3 + 2) 

C. An open sentence may be an inequality 
1. Consider the following sentences. 



a. 


2x = -8 


d. 3^1 + 2 


g. 15 > 14 + y 


b. 


2 > -1 


e. A + 8 - 17 


h. 3a + 7 t 15 


c • 


w + 1 < 3 


f • 5x > 0 


i. -1 + 4 < 10 




Which are 


inequalities? Which are 


equalities? 
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2* Which are open sentences? Elicit that an open sentence may be 
an inequality, as c,f,g,h, above. 

D. Review the solution of inequalities by testing the members of the 

replacement set . 

1. Recall that all the members of the replacement set which make 
the sentence true form the solution set of the open sentence. 

2. Use the replacement set f-4,-3,-2,-1,0,1,2,3} and find the 
solution set of each of the following: 

a. x > 2 {3} d. x < 0 f-4, -3, -2, -1} 

k* x > -1 {0,1, 2, 3} e. x < -4 f ) or 0 

c. x < 3 {-4, -3, ..., 2} 

3* Referring to the challenge, find the solution set of the inequality 
x > 4 when the replacement set is {1,3, 5,7,9}. Answer: the solu- 
tion set is 1 5*7*9}. Therefore, the solution set contains 3 ele— 



II. Practice 

A. Find the solution set of each of the following inequalities from the 
replacement set { 0,1, 2, 3, 4,5} . 



B. If the replacement set for the examples in A is f-5, -4,-3, -2,-1, 0,1, 
2>3*4*5}* find the solution set of each inequality. 

C. If the replacement set for the examples in A is the set of integers, 
find the solution set of each inequality. 

III. Summary 

A. What are three symbols of inequality? Explain the meaning of each. 

B. In an inequality, does the symbol ,l > tt point toward the larger or 
the smaller value? 

C. What kind of a sentence is the inequality x + 1 > 5? (open) 

D. Show by an example that a change in the replacement set may cause 
a change in the solution set of an inequality. 



ments 



1. x < 5 

2. x > 1 

3. x < -4 

4. x > 3 



5. x < 0 

6. 2x < 6 

7. 3x > 12 

8. 2x > 6 
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Lesson 63 

Topic: Inequalities 

Aim: To find the solution set of an inequality of the form ax + b > c, 
or ax + b < c 

Specific Objectives: 

To recall that the solution set of an open sentence may be a finite 
set, an infinite set, or the empty set 
To solve inequalities of the form ax + b > c or ax + b < c 

Challenge: Using the set of positive even integers as a replacement set, 

find the solution set for the inequality 2x + 4 < 14 

I* Procedure 

A. The solution set of an inequality may be finite, infinite, or the 
empty set 

1* Using as the replacement set for x the set of positive odd in- 
tegers, find the solution set of 2x < 10 D = fl,3>5,***l 

Note to Teachers : Pupils should realize that there is no point 
in testing more elements of the replacement set after 5* since 
twice each succeeding element is greater than 10. 



a. What is the solution set for 2x < 10? Answer: {1,3} 

b. How many elements are there in the solution set? (2) 

c. Is the solution set finite, infinite, or empty? (finite) 

2. Find the solution set of 3x > 3 D — {1,3, 5,..*) 

a. What is the solution set for 3x > 3? Answers {3,5,7* •••} 

b. How many elements are there in the solution set? 

c. How may we classify the solution set? (an infinite set) 

3* Find the solution set of 5x < 0 D = fl,3,5,.**l 

a* By trial, are there any elements of the replacement set which 
make the open sentence true? (no) 

b. How many elements are there in the solution set? (none) 
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c. How may we classify the solution set? (The solution set is 

the null set or empty set and may be written in symbols as 
t f or 0.) 

d. If the replacement for x were -1, we would have a true 
statement, since (5) (-1) = -5 and -5 < 0. Why is -1 not 
an element of the solution set? (Because -1 is not an 
element of the replacement set, and the solution set is a 
subset of the replacement set.) 

B. Solving inequalities of the form ax + b>c, ax + b < c 

1. Return to the challenge, What is the replacement set? 

Answer: {2,4,6,,..} 



2 * *7 2 * what is th ® value of 2x + 4? (2 y 2 + 4 or 4 + 4 or 8) 

5 8 J* 1S ^ ss * han . (Ifes) Then, 2x + 4 < 14 is true when 
x 2. Therefore, 2 is an element of the solution set. 

3 * ¥ * I 4, is the value of 2x + 4? (2 x 4 + 4 or 8 + 4 or 12) 
Does the replacement of 4 for x make the inequality 2x + 4 < 14 

true. (Yes, 12 < 14) Therefore, 4 is also an element of the 
solution set. 



4. If x - 6, what does 2x + 4 equal? (2 x 6 + 4 or 12 + 4 or 16) 

Is 2 x + 4 < 14 true when x = 6? (No) Therefore, 6 is not a mem- 
ber of the solution set. 

5. Why is it not necessary to try any more elements in the replace- 
ment set? (As we try numbers greater than 6, the value of the 
expression 2x + 4 increases beyond 14.) Answer the challenge. 

II. Practice 



A. Use the replacement set {-3, -2, -1, 0, 1, 2, 3l to find the solu- 
tion set of 

2x -t 1 > 2 fl, 2, 31 

3x -t 2 < 7 f-3, -2, -1, 0, 1} 

5x - 2 > 14 f } or 0 

B. Use as the replacement set the set of non-negative integers to find 
the solution set for each inequality in A. 

C. If the replacement set is fl, 2, 3, ...1, write the solution set for 

3x + 1 < 3 f }or$ 

2x + 3>10 f4, 5, 6, ...} 

3x - 2 < 9 fl, 2, 3} 
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D, Use as the replacement set the set of integers to find the solu- 
tion set of each inequality in C. 

Ill* Summary 

A. What is the maximum number of elements that could be in a solu- 
tion set? (an infinite number) 

B. What is the least number? (none) 

C. Can the solution set have elements that are not in the replace- 
ment set? (no) Explain. (The solution set is a subset of the 
replacement set*) 
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Lesson 64 



Topic: Equations 

Aim: To develop the concept of equivalent equations 
Specific Objectives: 

To understand the meaning of equivalent equations 
To identify equivalent equations 
To form sets of equivalent equations 

Challenge: Use fl,2,3,4>5} as the replacement set to find the solution 
set for each of the following equations: 

3x + 5 - 14 
3x= 9 
x + 1 * 4 



I. Procedure 

A# Meaning of equivalent equations 

1. Refer to challenge. Have pupils observe that for each of the 
equations presented in the challenge the solution set is f3l • 

2. Using the same replacement set, have pupils find the solution 
set for other similar sets of equations, e.g.. 



3. Elicit that for each set of equations the solution set is the 
same. 

4. Tell pupils that if two (or more) equations of the type pre- 
sented above, in the same variable, and with the same replace- 
ment set, have the 3ame solution 3et, they are called equiva- 
lent equations . 

B. Identifying equivalent equations 

1. Consider the following equations. Which, if any, are equiva- 
lent? Use the set of positive integers as the replacement set. 



What have the solution sets in common? 



\ 



a. 2y = 8 

y+5 = 9 
y = 4 



b. 3w - 1 - 5 
w + 8 « 10 
2w =* 4 



a. x + 2 * 8 



b. x - 2 = 3 



c. 3x - 18 
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(The solution set of equation a is f6}; of equation b is {5}; 
of equation c is {6}.) ~ 

Since equations a and £ have the same solution set, they are 
equivalent. Equation b is not equivalent to either of the 
other two. 



2, In each of the following exercises, identify the two equations 
that are equivalent. Use {0,1, 2, 3, 4, 5} as the replacement set. 



a, x + 17 = 19 
x - 3 * -1 
x + 8 * 9 

C, Forming sets of equivalent equations 



b, 6z = 12 
2z = 6 
3z = 9 



1, Using the set of non-negative integers as a replacement set, 
find the solution set for 2x = 4. 

Have pupils suggest equivalent equations, (x * 2, 4x * 8, 
x + 2 « 4, etc, ) 

Record suggestions on the chalkboard and have class test for 
equivalence by using the replacement set, 

2, Using the same replacement set, find the solution set for w + 6 *= 10 
Have pupils suggest equivalent equations, record the suggestions on 
the chalkboard and test, 

3, Have pupils note that a given equation may have many equivalent 
equations* 

II, Practice 

/ 

A, Match the equation in column a with its equivalent equation in / 

column b. Use f-3, -2, -1, 0, 1, 2, 31 as the replacement set, / 



a 



n + 2 * 1 
3n * 0 
n - 1 = 2 



n + 2 * 2 
2n = 6 
2n = -2 



B, Using the replacement set above, select the equation that is not 
equivalent to the other three. 



4x + 1 = 13 2x = 6 x + 4 = 9 x ~ 3 

C, Using the set of non-negative integers as a replacement set, write 
for each of the following equations, 3 equivalent equations, 

5x = 20 x + 8 = 17 2x + 1 = 11 3x - 2 * 13 
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Ill* Summary 



A. What is meant by equivalent equations? 

B* What method do we use to tell whether two equations are equiva- 
lent? 

C. How many equations can you find which are equivalent to a given 
equation? 



* 



\ 



\ 
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Lesson 65 



Topic: Equations 

Alai: To form equivalent equations by the use of the addition property 
of equality J 

Specific Objectives: 

To understand that an equivalent equation may be formed by the ad— 
of the sani£ quantity to botn members of an equation 
To form equivalent equations fcy adding the same number to both mem- 
bers of an equation 

To recognize an equation whose solution set is obvious 

Challenge: Using the set of integers as the replacement set, find the 
solution set for each of the following equations* 

x+3 s *6 x = 3 x + (-1) = 2 

How are these equations related? 

In which of these is the solution set easiest to find? 

I* Procedure 

A* Equivalent equations formed by addition 

1* Consider the following equations: 

n + 3 * 9 
n + 4 * 10 
n + 5 * 11 
n + 6 - 12 

^ replacement set is fl,2,3>***10}, what is the solu- 
tion set of each equation? Are they equivalent equations? 

Why? 

b. How does the left member of equation n + 4 ** 10 compare with * 
the left member of n + 3 ~ 9? (n + 4 = n + 3 + 1) How do 
their right mentoers compare? (10 * 9 + 1) 

c* How does the left member of equation n + 3 ~ 9 compare w^th 
the left member of n + 4 s 10? (n + 3 * n + 4 + (-1) ) How 
do their right members conpare? (9 = 10 + (-1) ) 

d* Through s im ilar questions for the remaining equations'* elicit 
that when the same quantity (positive or negative) j.s added 
to both members of an equation an equivalent equation is formed 
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e. After working in the same way with several other sets of 
equivalent equations, lead pupils to generalize that if 
a =s b then a + c =* b + c. Tell pupils that this is re- 
ferred to as the addition property of equality, 

B. To form equivalent equations by the use of the addition property 

of equality 

1. Consider the equation x + 2 = 5. Replacement set is the set 
of integers. 

Using the generalization arrived at in A, have pupils suggest 
equivalent equations formed by the addition of a positive or 
negative integer to both members of the equation. 

2. Record suggestions on the chalkboard. 

3. Have pupils test by replacement whether the suggested equations 
are equivalent to x + 2 = 5. 

C. To recognize an equation whose solution set is obvious 

1. Refer to challenge. Elicit that the equations are equivalent. 

2. The solution set of equation b is easiest to find because it 
is obvious that the only replacement for x that will result 
in a true statement is 3. The solution set of an equation is 
obvious when the variable appears alone as one member. 

II. Practice 

A. What number was added to each member of an equation in column a to 

form the equivalent equation in column b? 



a 

x + 4 =* 9 
x - 1 - 4 
x + 3 « 8 



b 

x + 6 - 11 
x + 1 =* 6 
x + 2 * 7 



B. Write an equivalent equation to x + 5 = 10 by adding: 



4 to each member 



-4 to each member 



C. Which of the following equations have solution sets which are 
obvious? 



n + 3 = -25 
a * 72 
2b «= 16 




3x + 5 - 10 
w - 2 
y - 8 ** 15 
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Ill, Summary 

A, When the same number is added to both members of an equation 
to form a new equation, how are the equations related? 

B. What kind of a number can be added to both members of an 
equation to obtain an equivalent equation? 

C. When is the solution set of an equation obvious? 

D, What is meant by the addition property of equality? 



/ 



/ 
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Lessons 66 and 67 



Topic: Equations 

Aim: To use the addition property of equality to solve equations 
Specific Objectives: 

To review the meaning of the additive identity: a + 0 = a 
To review the meaning of the additive inverse: a + (-a) — 0 
To solve and check equations of the form x+a = b (a > 0) using 
the addition property of equality 

Challenge: Transform y + 2 = 11 into an equivalent equation whose 
solution is obvious. 

I. Procedure 

A. Review the meaning of the additive identity 

1. Complete each of the following: 

4 + 0 - ? 

0 + 3 =* ? 

29 + 0 ~ ? 
x + 0 « ? 

2. Which number; when added to any given number, results in a sum 
which is the given number? (zero) 

Tell the pupils that zero is called the identity element of 
addition. 

B* Review additive inverse 

1. Complete the fo 13. owing: 

3 + (-3) = ? 

-5 + 5 - ? 

23 + (-23) = ? 

What is the sum in each case? (zero) 

How is the first number of each pair related to the second? 
(They are opposites.) 

2. Elicit that if the sum of two numbers is zero, each is called 
the additive inverse of the other. 
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Replace the frame to make each of the 
statement . 



following a true 



2 + Qs 0 



n + 18 « o 



-7 + O * 0 



n + o = o 



ELicit that starting with a given number, we can obtain a 
sum of zero when the additive inverse is added to the number. 

Note: The additive inverse of zero is zero. 



C. 



Solving equations of the form 
property 



x + a b (a > 0 ) by the addition 



' ? ss ° therwi ?f specified, the replacement set for the 
variable in the equations in this chapter is the set of integers 

1 * replacement for n in each of the following that 

will result in a true statement? 



a. 7 + (3 + H) = 7 

b. 9 + (5 +□) - 9 

c. (-1 + □) + 8 * 8 



d. (□ + 2 ) + 20 « 20 

e. x + (3 + G) = x 

f • (-5 + n) + y « y 



£ 2 te: Pupils should be able to justify their choice of a re- 
placement for the frame. For example, in 7 + 3 + n = 7 the 
replacement for CD is —3 because: , 

7 + (3 + -3 ) = 7 



7 + 



- 7 
7 = 7 



Elicit that in each case, the additive inverse is used. 
2 . Consider two equations: 



x + 5 

x 



12 

7 



a. How are the equations related? (They are equivalent.) In 
which is the solution obvious? (x = 7 ) 

b. Using what we have just learned, how can we transform the 

given equation into an equivalent equation whose solution 
is obvious? 
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x + 5 + 



x + 
(-5) 



x + 



5 * 12 
= 12 + 
0 = 7 
x = 7 



(-5) 



Addition property 
Additive inverse 
Additive identity 



c. What is the solution of x = 7 ? (7) 

Since x = 7 and x + 5 * 12 are equivalent, what is the 
solution of x + 5 = 12? (7) 



d. Checking the solution: 

1) x + 5 = 12 

7 + 5 = 12 True statement 



Therefore, 7 is the solution of x + 5 * 12. 

2) Have pupils recall that in an equation such as x + 5 — 12, 
we say we have solved the equation when the replacement 
for the variable makes the statement true. 

3) Now have pupils answer the challenge. 



3. Consider the equation 16 = 13 + x. 



a. How can we arrive at the equivalent equation where x alone 

is the right member? (add -13 to both members of the equation) 

Why did we choose -13 to add to both members of the equation? 
(If we add -13 and 13, the result will be the additive identi- 
ty, (0), and x will then stand alone as the right member. 

Have pupils give reasons for each step. 

16 = 13 + x 

16 + (-13) * 13 + (-13) + x 
3 * 0 + x 
3 - x 

b. Since 3 — x and 16 = 13 + x are equivalent, what is the solu- 
tion of 16 * 13 + x? (3) 

c. How would you check the solution of 16= 13 + x? 

II. Practice 



A. State what number must be added to each member of the equation. 
Find the solution and check your answer. 



1. x + 5 = 8 

2. y + 3 - 12 

3. a + 9 * 7 
*4. 2 + r * 13 
5% 0 + x = 7 



6. 15 = n + 7 

7. x + (-4) * 6 

8. 5 + x * 0 

9. y + 9 - 13 

10. y + (-2) = 8 
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III. Summary 

A. What is the additive identity in the set of integers? 

B. What is meant by the additive inverse of a number? 

C. What is the additive inverse of zero? 

D. If the replacement set is large, *tf*at disadvantage is there in 
using the replacement method to solve an equation? 

E. What better method exists for solving an equation? (finding an 
equivalent equation whose solution is obvious) 

F . In equations such as those we have studied today, how can we tell 
what must be added to both members of the equation so that an 
equivalent equation results whose solution is obvious? 

G. How can we be sure that the solution set of the '•obvious” equation 
is also the solution set of the given equation? 



Lesson 68 



Topic: Equations 

Aim: To use the addition property to solve equations 
Specific Objectives: 

To review subtraction involving addition of additive inverse 
To solve and check equations of the form x - a = b (a > 0) 

Challenge: Write an equivalent equation to 10 = x - 4 by expressing 
the right member in terms of addition. 

I. Procedure 

A. Review subtracting as the adding of the additive inverse 

1. Which number is the additive inverse of each of the following: 

10 -2 24 x -y 

2. Rewrite each of these subtraction sentences as an addition 
sentence. 

4-2 = 2 (4 + (-2) = 2) 

9 - 14 =•$ (9 + (-14) = -5) 

5 - (-7) “12 (5 + (+7) = 2) 

3. Elicit that subtracting a number is the same as adding its 
opposite or additive inverse. 

B. Solving and checking equations of the form x-a = b(a>0) 

1. How would you express each of the following in terms of addi- 
tion? 

x-3 y-4 a - 10 b-15 

2. What is the replacement for □ in each of the following that will 
result in a true statement? 

7 + (-5) +0-7 x+(-3)+D=x 

9 + (-2) +0=9 y + (-4) +0 = y 

3* Consider the equation: x - 3 - 8. 

a. Write an equivalent equation expressing the left member in 
terms of addition, (x + (-3) *8) 




b. Have pupils use the addition property to solve the equation 
as follows, 

x - 3 * 8 

x + (-3) * 8 Why? 

x + (-3) +3 = 8 + 3 Why? 
x + 0 = 11 Why? 

x * 11 Why? 

What is the solution of x * 11? of x - 3 = 8? 

c. How would you check the solution of x - 3 =* 8? 

4, Have pupils answer the challenge, solve the equation, and check, 
II, Practice 

A, Express each of the following subtractions as an addition: 



7 - 4 (y + (-4) ) 


3. a - 3 


5. n - (-11) (n + (11) ) 


2. x - 19 


4. r - 14 


6. b - (-25) 


Which number would you 
equations to solve it? 


add to both members of each of the following - 
How did you decide? 


1. y - 15 » 10 




5. b - 4 - 2 


2. x - 4 = 8 




6. -10 * x - 8 


3. x - 5 - -1 




7. y - 1 - 18 


4. 8 = r - 9 




0 
it 

IT\ 

1 

• 

to 



C, Solve and check each of the equations in B, 

III, Summary 

A, Give an illustration to show that subtracting a number is equivalent 
to adding its opposite, 

B, What would be the first step in solving an equation such as: x - 7 = 10? 
(Express the subtraction as addition of the additive inverse,) 

C, What principle is then used in completing the solution? 



ERIC 
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Lesson 69 



Topic: Equations 

Aim: To form equivalent equations by multiplication 
Specific Objectives: 

To understand that an equivalent equation may be formed by multiply- 
ing both members of the equation by the same quantity 
To form equivalent equations by multiplying both members of the equa- 
tion by the same quantity using the multiplication property of e- 
quality, if a = b, then a x c = b x c 

Challenge: Using the set of rational numbers as the replacement set, are 
the following equations equivalent? 

2 n = 4 

n = 2 

in * 1 

-4n = -8 

I. Procedure 

A. Equivalent equations formed by multiplication 

1. Refer to challenge* “Why are the equations equivalent? (because 
the solution set for n in each equation is 2) 

2. How does the left member of 2n * 4 compare with the left member 
of n = 2? (2n = 2 x n) How do their right members compare? 

(4 = 2x2) 

Note : It is customary to use parentheses in cases where the sym- 
bol for multiplication (x) might be confused with the symbol for 
the variable x. 

3. How does the left member of equation n = 2 compare with the left 
member of 2n * 4? n = i (2n) How do their right members compare? 
2 * i (4) 

4. By what number must both members of in = 1 be multiplied to obtain 
n * 2? (2) 

5. How does the left member of -4n = -8 compare with the left member 
of 2n = 4? (-4n = -2 x 2n) How do their right members compare? 

(-8 = - 2 x 4 ) 

6. Elicit that when both members of an equation are multiplied by 
the same non-zero number an equivalent equation is formed. 
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B. To form equivalent equations by multiplication 

1. Consider the equation 12a = 36. Have pupils suggest equivalent 
equations using the multiplication property of equality. For 
example: 2(12a) = 2(36); ?(12a) = i(36). 

2. Record suggestions on the chalkboard. 

3. Have pupils test by replacement whether the suggested equations 
are equivalent to 12a = 36. 

II. Practice 

A. By what number is each member of an equation in column A multiplied 

to form the equivalent equation in column B? 



A 


B 


5x~= 10 


20x = 40 


3w = 9 


-6w = -18 


-2r = -6 
i 


6r = 18 


3-7=3 


y * 9 


4c = 9 


2c * 4.5 



-7b = 14 b = -2 

B. Write an equivalent equation to 15d = 60 by multiplying each member 
by 4, by -2, by i, by 

III. Summary 

A. When both members of an equation are multiplied by the same number 
to form a new equation, how are the equations related? 

B. By what kind of a number can both members of an equation be multiplied 
to obtain an equivalent equation? (Any number, except zero) 

C. The multiplication property of equality states that if a * b, then 
a x c = b x c (for all a, b, c). Give an illustration of this 
property. 
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Lesson 70 



Topic: Equations 

Aim: To use the multiplication property of equality to solve equations 



Specific Objectives: 

To review the multiplicative identity 
To review multiplicative inverses 

To solve and check equations of the type ax = b (a, b are rational 
numbers and a / 0) using the multiplication property of equality 

Challenge: By what numeral should n be replaced if each of the following 
is to be a true statement: 

5 x n =* 5 

-10 x n = -10 .05 x n * .05 



I. Procedure 

A. Review the identity element of multiplication 

1. Elicit that each of the open sentences in the challenge becomes 
a true statement only when n is replaced by 1. 

2. Have pupils recall that the product of a given number and 1 is 
the given number. The number 1 is called the identity element 
of multiplication . 

B. Review multiplicative inverses 

1. By what numeral should n be replaced if each of the following is 
to be a true statement? 

2n = 1 (£) |n = 1 (J.) 

in = 1 (3) -3n = X (-1) 

2. Elicit that two numbers whose product is 1 are called multiplica- 
tive inverses (reciprocals). Each is the multiplicative inverse 
of the other. 

3. a. What is the multiplicative inverse of 2? Why? 

What is the multiplicative inverse of L? Why? 

b. Write the multiplicative inverse of each of the following: 
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(-2.) (-L) 
\ 7 / \ 3 y 



4* Write another name for each of the following products: 

3 <*) -5 (4) 

t U) 

5# Write another name for each of the following products; 

3 Qoc) (x because (3 x i)x * lx or x) -5 (-|t>) 

i Hr) 4 (4-) 

6* By what do we multiply each egression in Column A to obtain 
the corresponding expression in Column B. 



A 

4n 

-lQx 

Jr 

3 

i 



B 

n (i) 
x (— — ) 
r 

y 

a 



Note : Pupils should be able to justify their answers as follows: 
k (4n) 

* (i x 4)n Associative principle of multiplication 

• In Multiplicative inverse 

= n Multiplicative identity 

C. To solve and check equations of the type ax * b (a, b are rational 

numbers and a ^ 0) using the multiplication principle 

1* What number has been used to multiply both members of each equation 
in column A to obtain the corresponding equation in column B? 





A 




B 


3x 


m 6 




x - 2 (I) 


4y 


* 16 




y ■ 4 (1) 


-7y 


= 35 




y « -5 (-L) 




* 9 




a * 18 ( 2 ) 


How 


are the 


equations in 


each pair related? 


How 


can you 


tell? 




Of the two equations in 


each pair, which is 



Why? 




- 192 - 



2. Consider the equation 4x = 8. How can we find the equivalent 
equation whose solution is obvious? 

a. By what would you multiply the left and right members of the 
equation to have x appear alone as one member? (£) 

b. Have pupils complete the solution of 4x = 8 as follows: 

4x = 8 

i(4x) = i (8) 
x* 2 

c. How would you check the solution of Ax * 8? 

x 

3. Consider the equation: j * 2. 

a. Have pupils recall that if we multiply by the reciprocal 
(multiplicative inverse) of a number, the result is the 
same as if we had divided by the number, 

b. Have pupils express: £ * 2 as *x * 2 and complete the 
solution as follows: 

What is the multiplicative inverse of J.? 

~x = 2 

5(|x)= 5 (2) 

(5 x I)x= 5 (2) 
x= 10 

c. How would you check the solution of i-x * 2? 

5 

II* Practice 



A. By what number would you. multiply both members of each equation to 
obtain the equivalent equation whose solution is obvious? 



1. 10a * 50 


4. iy = 6 


7. f-t - 4 


2. 24 = 3a 


5. 2.5b * 10 


8. -8b = -1.6 


3. -2x = 12 


On 

• 

* 

* 

4 . 

ro 


9. 4.2 * 2*ly 






10. -2i * * 
* 2 


B. Solve and check each 


of the equations in A. 





III. Summary 

A. What is the identity element of multiplication in the set of rationals? 

B. What is meant by the multiplicative inverse of a number? the recipro- 

cal of a number? 

C. In equations such as those we have studied today, how can you tell by 
what number both members of the equation should be multiplied to ob- 
tain an equation whose solution is obvious? 

D. How can you be sure that the solution set of the "obvious" equation 

is also the solution set of the given equation? 
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Lesson 71 



Topic: Verbal problems 
Aim: To solve verbal problems 
Specific Objectives: 

To express English sentences using mathematical symbols 
To review steps in analyzing verbal problems 
To solve verbal problems using equations of the type ax * b or 
x + a = b 

Challenge: In a certain school of the students of the 8th grade 

come by bus. If 100 students ride by bus to school, how 
many students are in the 8th grade? 

I. Procedure 

A. Expressing English phrases and sentences using mathematical symbols 

1. How could we represent each of the following? 

a. Five times a certain number (50, 5x, 5n, 5a) 

b. A number increased by 7 

c. A number decreased by 10 

d. 1 of a number 

3 

2. If we represent the number by x, how can we express each of the 
following sentences in mathematical symbols? 

a. Nine times a certain number is 63. (9x * 63) 

b. A number increased by four is equal to 17. (n + 4 * 17) 

B. To review steps in analyzing a verbal problem 

1. Refer to challenge. What does the problem ask us to find? (the 
number of students in the 8th grade) 

2. How can we represent the number of students in the 8th grade? (n) 

3. How can we represent 4* of that number in terms of n? (in) 

o o 

4. How can we express the conditions of the problems in the form of 
an open sentence? (in =* 100) 

5. Estimate: Is the number greater or less than 100? Why? 
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C . Solving problems 



1. Solve the equation 



In « 100 



5 



!■(■§*> =f (100) 
(J4> n - §• ( 10 °) 



n - 250 



If there are 250 students in the 8th grade, will |> of that 
number equal 100? 

How do we check to discover if our solution is correct? 

Note to Teacher ; Lead pupils to see that the answer to a word 
problem should not be checked in the equation but in the words 
of the problem. If the equation set up by the pupil does not 
correctly depict the conditions of the problem, yet it has 
been solved correctly, the solution will check the equation 
but not be a solution for the problem. 

2. In a class election, Alice received 11 more votes than Jean 

received. If Alice received 31 votes, how many did Jean receive 

Guide the pupils to use a procedure such as the following: 

Estimate: Jean received less than 31 votes. 



The number of votes received by Jean is 20. 

Check: Is 31 eleven more than 20? 

3. John spent $6 from his weekly wages. He had $38 left. How 
much did he earn in a week? 

Estimate: More than $38. 



Let n * number of votes Jean received 



then n + 11 * number of votes Alice received 



n + 11 * 31 

n + 11 + (-11) * 31+ (-11) 



* 20 



Let n = number of dollars earned in a week 
then n - 6 * number of dollars left 



n - 6 = 
n - 6 + (6) = 



38 

38 + (6) 
44 



n = 



John earned $44 per week 
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Check: If you spend $6 out of $44 , will you have $38 left. 

II. Practice 

A. Express each of the following as a mathematical sentence: 

1. A number increased by 5 is 12. 

2. Five times a number is equal to 9* 

3. A number increased by 7 is equal to 14. 

B. A family on an auto trip drives 400 mile3 per day. How many 
days will it take them to travel a distance of 1600 miles? 

C. During spring training, a baseball shortstop lost 112. pounds* 

His weight then was 183i pounds. How much did he weigh before 
spring training? 

D. In a mathematics test, Sam answered 24 questions correctly and 
received a mark of 8<#. How many examples were on the test? 
(Remind pupils that 80/£ may be written as or g*. ) 

III. Summary 

A. What are the steps in analyzing a problem? 

B. What procedure do we follow in order to solve a problem? (Analyze 
form an equation, solve) 

C. What mathematical principles did you use in solving problems? 
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Lesson 72 



Topic: Solving equations 

Aim: To learn to solve equations using two properties of equality 
Specific Objectives: 

To observe zha.t one operation alone may not be sufficient to 
solve an equation 

To transform an equation of the form ax + b = c when a/0 
into an equivalent equation whose solution is obvious 

Challenge: How would you transform 3x + 4 = 6 to an equivalent 
equation whose solution is obvious? 

I. Procedure 

A. One operation may or my not be sufficient to solve an equation 

1. Solve the following, first telling what principle of equation 
solving you will use: 

a. 3 x = 8 b. x + 3 * 8 

Elicit that in each case only one operation is used to 
transform the given equation into an equivalent equation 
whose solution is obvious. 

2. Translate into mathematical symbols the following English 
sentence: Twice a number increased by five equals fourteen. 

a. Translation: 2n + 5 * 14 

b. What equivalent simple equation would be obtained by use 
of the addition property of equality? 

2n + 5 + (-5) s 14 + (-5) We added (—5) to each member. 

2n + 0 « 9 
2n « 9 

Explain why this is not an equivalent equation with an 
obvious solution. 

c. In the equation 2n + 5 * 14, what equivalent equation do 

we obtain by use of the multiplication property of equality? 

2n + 5 =* 14 

£(2n+5) ^ (14) We multiplied each member by 4. 

n+2j - 7 

Is this an equivalent equation with an obvious solution? 
Explain. 
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d. Therefore, we conclude that an equation cannot always 
be solved in one step. 

B. Using two operations 

1. Carrying the equations 2n = 9 and n + 2| = 7 each a step 
further, we have: 

a. 2n = 9 b. n + 2^ = 7 

n = 4 J Multiplication property n = 4i Addition property 

In each case, the solution set of 2n + 5 = 14 is f4j). 

2. Elicit that we used two properties of equality to solve the equa- 
tion 2n + 5 = 14. 

3. Returning to the challenge: 

a. If we use the multiplication property first, and then the addi- 
tion property, our example would look like this: 

3x + 4 — 16 

|-(3xf4) = ~ (16) Multiplication property 
xf i-il 

3 3 

x + i + (- — ) ~ ~ + (-— ) Addition property 

3 3 3 3 



or x = 4 (The solution set of 3x + 4 — 16 is f 4l ) 

b. If we use the addition property first, and then the multiplica- 
tion property, our example would look like this: 

3x + 4 * 16 

3x+4+(-4) = 16 + (-4) Addition property 
3x = 12 

~(3x) - i. (12) Multiplication property 

3 3 

x =* 4 

c. Elicit that in each case, the solution set of 3x + 4 *= 16 is 

fVh 

d. Which of these procedures seems easier? Elicit that using the 
addition property first, and then the multiplication property 
is the more convenient procedure. 

e. Have pupils check the solution in the original equation. 
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II. Practice 



A. By using the addition property first, and then the multiplication 
property, solve and check the following equations: 



B. Write an equation in which two properties of equality will be 
used to find the solution set. 

III. Summary 

A. Why is the use of just one property of equality not always 
adequate to solve an equation? 

B. In solving an equation such as 3x - 7 = 20, how many operations 
are needed? Which would you use first? 

C. If you changed the order in which you used the operations needed 
to solve a two-step equation, how would the results compare? 
Explain . 



1. 4x + 7 = 11 



4. 2x - 6 = 7 



2. 5n + 4 = -21 



5. 7a - 11 = -18 



3. lly + 12 = 89 



6. 3y - 3 = 3 
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Lesson 73 



Topic: Verbal Problems 

Aim: To solve verbal problems •which lead to equations whose solution 
requires the use of two properties of equality 

Specific Objectives: 

To review the translation of English phrases and sentences into 
mathematical symbols 
To review steps in analyzing a problem 

To solve problems leading to an equation of the type: ax + b = c 

Challenge: Twice a number increased by five is thirty-seven. What 
is the number? 

I. Procedure 

A. Review the translation of English phrases and sentences into 
mathematical symbols 

1. Write each of the following in mathematical symbols. In 
each case, tell what the variable represents. 

Note : Be sure pupils understand that the variable represents 
a number . 

a. The bicycie costs seven dollars more than the amount 1 have. 

b. The sum cf a number and six is eleven. 

c. The length of a rectangle is five inches more than its width. 

d. Michael is two inches taller than Ben. 

e. 6 more than 4 times a number 

2. Which of the above are sentences and which are phrases? Explain 
the difference. 

B. Review steps in analyzing a problem 
Refer to challenge. 

1. What does the problem ask us to find? 

2. How can we represent the number? (n) 

3. How can we represent “twice a number increased by 5" in terms 

of n? 

4. How can we express the conditions of the problem in the form 
of an open sentence? (2n+5=37) 
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C. Solving problems 



1. Guide pupils to use the following procedure: 

Let n = the number 
2n+5 = 37 

2n+5+(-5) = 37 + (-5) 

2n = 32 
n = 16 

The number is 16. 

2. How do we check to find out if our solution is correct? 

Is the sum of twice the number and 5 equal to 37? Yes. 

II. Practice 

A. In a class election, Alice received 11 more votes than twice the 
number that Jean received. If Alice received 31 votes, how many 
did Jean receive? 

B. The length of a room is seven feet less than three times the 
width. If the length is twenty-six feet, determine the width of 

the room. 

C. Bob's age is eight years more than twice Serita's. If Bob is 
thirty-two years old, how old is Serita? 

III. Summary 

A. Explain the steps we follow to analyze a verbal problem. 

B. What properties of equality did you use in solving the problems 
in today's lesson? 




Lesson 74 



Topic: Proportion 

Aim: To review the concept of ratio 

Specific Objectives: 

To review the concept of ratio as an ordered pair of numbers 
To review expressing a ratio in simplest form 
To review the use of ratios to compare measures 

Challenge: What is the simplest name for: J§-, |§>, §■? 

I. Procedure 

A* Review concept of ratio 

1. In an 8th grade class, 12 boys and 18 girls joined the G.O. 
How could we express the comparison of the number of boys to 
the number of girls? 

2. To compare the number of boys and the number of girls who 
joined the G.O., we might represent the set of boys and the 
set of girls as follows: 



3. The comparison of the number of boys to the number of girls 
may be expressed as 12 to 18. Are there any other ways of 
expressing this comparison? 



For every six boys who joined, nine girls joined, or the 
number of boys compared to the number of girls may be ex- 
pressed as 6 to 9. 

4. Elicit other comparisons such as 4 boys to 6 girls or 2 boys 
to 3 girls. 



12 boys 



18 girls 



000000 

000000 



xxxxxxxxx 

xxxxxxxxx 



12 boys 



18 girls 



( 000000 ) 




000000 



xxxxxxxxx 



Have the pupils realize that for every 2 boys -who joined 
the G.O., there were, 3 girls who joined the G.O. 

We can express the ratio of the number of boys to the number 
of girls in several ways: 12 to 18, 6 to 9, 4 to 6, and 2 to 
3* We say that all of these are equivalent ratios. 

5* Recall that the order of the numbers is important. Since we 
are comparing the number of boys to the number of girls, the 
ratio is 2 to 3. If we were comparing the number of girls to 
the number of boys, the ratio would be 3 to 2. For this 
reason, a ratio is said to consist of an ordered pair of num- 
bers. 

6. Have pupils recall the various ways to express a ratio. 

For example, the ratio of 5 to 8 may be expressed as 5:8 or S-# 
(Read: 5 to 8.) 

Have pupils express the following ratios in various wavs: 

8 to 12; 13 to 21; 25 to 10; 7 to 9. 

B. Review expressing a given ratio in its simplest form 
R^fer to challenge. 

1. Have pupi-LS recall that a ratio is named in simplest form when 
its terms are relatively prime, i.e., they have no coiranon fac- 
tor other than 1. 

The simplest form for the name of each of the ratios in the 
challenge is: 1. (Read: “3 to 5.") 

2. Have pupils recall that the multiplicative identity, 1, may be 
used to find equivalent names for a given ratio. 

a. ® = 

10 2 x 5 

— 2 v 3 

“ 2 X 5* 

= 1x1 

5 

_ 3 ^ 

S 



i7> anc * r narae the same ratio. Therefore, they are called 
equivalent ratios. 




_ 4X2 
4 X 3 



2 

3 



_ 8 
12 

and^l are equivalent. 
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c. Find an equivalent ratio for each of the following: 

i., 1., i., il. (an equivalent ratio for 1 to 3 is 2 to 

3 * 2 9 6 * < 16 

6, etc.) 

3. Express the following ratios in simplest form: 2., 

C. To review the use of ratios to compare measures 

1. Using ratios to compare like measures 

a. Have pupils recall that if a ratio is used to compare two 
like measures, i.e., two linear measures, two measures of 
weight, etc. » to avoid confusion it is customary to use the 
same unit of measure for both. 

b. Express the ratio in simplest form. 

5 inches to 1 foot (5 H to 12“ or 5:12) 

1 hour to 20 minutes 
8 ounces to 2 pounds 

Note to Teacher ; In scale drawing or map reading, we do not 
follow the procedure of changing to the same unit. For 
example, on a map it is more convenient to know the scale 
is 1 inch = 200 miles (read 1 inch represents 200 miles) 
rather than a ratio of 1:12,672,000. 

2. Introducing the concept of rate 

a. Have pupils consider the following: 

35 miles per hour 
32 feet per second 
5 inches every 20 minutes 
4 pens for a dollar 

Elicit that in each of the above situations unlike measures 
are being compared. In M 35 miles per hour 1 * a measure of 
distance is compared to a measure of time. In such situa- 
tions, there is no common unit of measure. However, it is 
possible to compare the number of miles to the number of 
hours. 

b. Mr. Jones drove 160 miles in 4 hours. The ratio of the 
number of miles to the number of hours is or We 

us ual ly say he drove at the rate of 40 miles per hour. A 
ratio involves only numbers and no units. The rate is the 
number of miles per hour. 
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c. Tell pupils we do not express a rate in fractional form* 
We usually use the words per * for * or every to state the 
relationship between the two measures as: 60 miles per 
hour; $4 for 3 records, etc* 



II* Practice 

A* The committee for a G*0* dance consisted of 3 boys and 5 girls 

1* What is the ratio of the number of boys to the number of 
girls on the committee? 

2. What is the ratio of the number of girls to the number of 
boys on the committee? 

3* What is the ratio of the number of boys to the total number 
of committee members? 

4* What is the ratio of the number of girls to the total number 
of committee members? 

B* Express the following ratios in simplest fonn: 

1# 2 t0 * 3. 18 to 19 

2. 15 to 25 4. 21 to 37 

C* Express each of the following as a ratio in simplest form: 

1* 5 yards to 4 feet 3* 1 hour to 15 minutes 

2* 2 lbs* to 12 oz* 

D* Find the rate in simplest form for each of the following pairs 
of measure: 

1* 90 miles in 3 hours (30 miles per hour) 

2* 8 pints for $2 
3* 3261 feet in 3 seconds 
III* Summary 



A* In what way is a ratio an example of an ordered pair of numbers? 

B* When is a ratio said to be in simplest form? 

C* How is the multiplicative identity used to write a ratio equivalent 
to a given ratio? 

D* Explain why in expressing a rate we must state the two measures 
involved* 
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Lesson 75 



Topic: Proportion 

Aim: To develop the concept of a proportion 

Specific Objectives: 

To develop the concept of proportion 
To learn the vocabulary used in expressing a proportion 
To learn that in a proportion the product of the means is equal to 
the product of the extremes 

Challenge: Is the following statement true or false? 38:57 = 30:40 
I* Procedure 

A. Concept of proportion 

1. Is the ratio §* equivalent to the ratio x %? We may then write 
the sentence: ~ = 1. A sentence which says that two ratios 

S 15 

are equivalent is called a proportion . This proportion is 
read: "3 is to 5 as 9 is to 15." 

Note : The proportion might have been written 3*5 = 9:15* 

2. Elicit that a sentence comparing two ratios is not read in 
the same way as a sentence comparing two fractions. 

If 1 and 1 represent fractional numbers, the statement §• — =4 

5 15 5 lo 

would be read: “three fifths is equivalent to nine fifteenths •“ 

3. Complete the following proportions: 

3 _ ? 1 = 11 

4* a" 8* 9 

9 _ 3 1 = 1 

l&Q 27) ~ 

4. Have pupils write each proportion in #3 in another way, e.g ♦, 

3:4 = 6 : 8 . 

5. Have pupils read the completed proportions in #4* 

B. Vocabulary used in proportion 

1. Complete the following proportion: □ : 15 =* 12:45. 

2. Tell the pupils that in the proportion 4:15 - 12:45* 4 is called 
the first term, 15 the second term, 12 the third teim, and 45 
the fourth term. 
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The first and fourth terms are called the extremes and the 
second and third terms are called the means. 



extremes 



i \ 



4:15 = 12:45 

1 f 



means 



3. If the proportion is written,! = H-, which are the extremes? 
(4, 45) Which are the means? (15, 12) 

4. In proportions a and b, name the means. In proportions c and 
d, name the extremes. 



In a proportion, the product of the means is equal to the product 
of the extremes 

1, Have pupils recall that a proportion is defined as a sentence 
which says that two ratios are equivalent, 

2, By writing the ratios in simplest form, decide which of the 
following are proportions. 



3. Refer to each of the problems above to answer the following: 

a. What is the product of the means? 

b. What is the product of the extremes? 

c. How does the product of the means compare with the product 

of the extremes, when the statement is true? when the state- 
ment is false? 

4, Elicit that in a proportion the product of the means is equal 
to the product of the extremes. 

Refer to the challenge: 38:57 — 30:40. 



a. 70:10 = 35:5 





d. 2:5 = 10:25 




d. 3:11 - 9:33 



e, 4:5 = 2:3 



8 16 



C. - = - 
3 9 



f . 6:12 = 1:2 



Does 57 x 30 = 38 x 40 



9 

* 



9 



1710 « 1520 



1710 ^ 1520 



Since 1710 does not equal 1520, the statement in the challenge 
is false and therefore it is not a proportion. 

This procedure for testing whether a statement is a proportion 
is called the "products test." 

5* Using the products test, tell vihich of the following are pro- 
portions. 

a. 10:22- = 60:13 

2 

b. = 6:4 

3 3 

II. Practice 

A. Complete the following proportions so that each results in a true 
statement: 

1. i = -2r 2. 1 « i* 3. 1 . = 3 

2 16 4 r, 20 10 

B. Name the means and extremes in the following proportion: 6:9 = 10:15. 

C. Interchange the means and the extremes. Write the proportion,, 

D. Using the products test, find which of the following statements are 
proportions. 

9:16 = 36:64 48:20 = 12:5 

6:10 = 21:28 5:8 = 8:5 

III. Summary 

A. What is a proportion? 

B. In a proportion, which terms are the means and which are the ex- 
tremes? 

C. What is meant by the "products test" to determine whether a state- 
ment is a proportion? 

D. What new vocabulary have you learned today? 

(proportion, means, extremes) 



c. 7:9 -14:15 

d. 8:3 = 56:21 
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Lesson 76 
Topic: Proportion 

Aim: To use proportions in problem solving 
Specific Objectives: 

To learn to solve proportions which are open sentences 
To solve problems involving proportions 

Challenge: What value for x will make this open sentence a proportion? 

x 3_ 

25 15 



I, Procedure 

A, Solving a proportion 

1* Use the products test to tell whether the following statements 
are proportions, 

a. - ■* L (3x8 = 2x12) a proportion 

3 13 

b. §. = 2. (5x9 ^ 3x10) not a proportion 

o X O 

c. (4n = 3x20) cannot tell 

2, Consider example c above. 

a. Elicit that ~ = 2 ~ is an open sentence. 

What value for n will rnsult in a proportion? 

Elicit that if we have a proportion, 4n = 3x20 (products test) 

4n « 60 

Solving for n we obtain: n * 15, 

b. Replacing n by 15 in the open sentence, we have 

Is the ratio of 3 to 4 equivalent to the ratio of 15 to 20? 

c» When we find the replacement for the variable which results 
in a proportion, we say we have solved the proportion. 

3, Refer to challenge, 

a. Have pupils attempt to solve the proportion by equivalent 
ratios. 




b. Suggest that by using the principle that in a proportion 
“the product of the means equals the product of the ex- 
tremes," perhaps the problem will be easier to solve. 

x - 3 

S"5 1*6 



15x=75 
x= 5 



c. Check. Is the ratio of 5 to 25 equivalent to the ratio of 
3 to 15? 



B. Using proportion to solve problems 

1. In a certain machine a small wheel 
and a large wheel are connected by 
a belt* 

The small wheel makes 9 turns for 
every 4 turns made by the large 
wheel* How many turns does the 
small wheel make when the large 
wheel makes 23 8 turns? 




Note to Teacher: Review steps in analyzing a verbal problem. 



a* 



What does the 
made by small 



problem ask us to find? (The number of turns 
wheel while the large wheel makes 288 turns.; 



b* How can we represent this number? (n) 

c. How can we express the ratio of 9 turns of the small wheel 
to 4 turns of the large wheel? 



Number of turns - small wheel 9 
Number of turns - large wheel % 

d. How can we express in the same order the ratio of n turns 
of the small wheel to 288 turns of the large wheel? 



Number of turns — small wheel n 
Number of turns - large wheel 288 

e. Express the conditions of the problem as an open sentence 

n 

4 * 288 

f. Solve the proportion and check the answer. 
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2, If three cans of tomato paste cost 25 cents, how much will 
12 cans of tomato paste cost? 

a. 'What does the problem ask us to find? 

b. How can we represent the number of cents that a dozen 
cans will cost? (n) 

c. How can we express the ratio of the number of cans to the 
number of cents? 

number of cans j. 
number of cents 25 

d. How can we express in the same order the ratio of 12 cans 
to n cents? 

number of cans 12 
number of cents n 

e. How can we express the conditions of the problem in the 
form of an open sentence? 

3 _ 12 

a? “r r 

f. Solve the proportion: 

12 x 25 = 3n 
300 = 3n 
100 — n 



g. Check. 

3. On a map, 1 inch represents a distance of 10 miles. Two towns 
are 4 inches apart on the map. What is the actual distance 
between the towns? (Let n represent the number of miles in the 
actual distance, ) 

a. number of inches on map 1 
number of miles on ground 10 

b. number of inches on map ^ 
number of miles on ground n 

c. Express the conditions of the problem as an open sentence, 

1 _ 4 

fo n 

d. Solve the proportion, 

e. What is the actual distance in miles between the towns? 

Doss your answer check? 
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II* Practice 



A* Use the products test to tell whether the following are or are 
not proportions* 

1. ® = Si 2. 4:12 = 24:8 3. - = - 

7 63 ISIS 

B* For which value of n is each of the following a proportion? 

l*i = i 2 i = 11 3 n _ 6^ 

*3 n *n so *** fi a"a 

C* Use proportions to solve the following problems: 

1* In a school, the ratio of the number of eighth grade pupils 
to the total number of pupils is 2 to 3* If the total register 
of the school is 2400 pupils, how many eighth grade pupils are 
there? 

2* On a road map 1*' represents 45 miles* Using the same scale, 
how many inches will represent 135 miles? 

Ill* Summary 

A* What rule is used to solve a proportion which is an open sentence? 

B. Show by giving an illustration how you would find one term of a 
proportion if you knew the other three. 

C. What procedure would one follow to solve problems using proportion? 




Lessons 77 and 78 
Topic: Proportion 

Aim: To use proportion to solve problems involving per cent 
Specific Objectives: 

To review per cent expressed as a ratio of a number to the number 100 
Solving problems involving per cent through the use of proportion 

Challenge: In a test, Sally had 17 examples correct* If the test had 
20 examples, what per cent of the examples did Sally have 
correct? 

I* Procedure 

A. To review per cent expressed as a ratio 

1. Have pupils recall that per cent can be considered as the 
ratio of a number to the number 100. 

75# means the ratio of 75 to 100 or — 

loo 

80# means the ratio of □ to 100 or SL 

100 

65# means the ratio of 65 to □ or ~ 

□ 

32# means the ratio of A to n nr 6 

□ 

x# means the ratio of x to □ or J5L 

□ 

2. Elicit that the ratio ~ may be written as 11#. 

1 oo * 

Write each ratio as a per cent: 122. 12JL 

100 loo loo 100*100 

B. Using proportion to solve problems involving per cent 

Note : The following problems have been chosen to illustrate the 
use of proportion in solving the three basic problem situations 
involving per cent. 

1. Finding what # one number is of another 
Refer to challenge. 

a. What do we wish to find? (The per cent of examples Sally 
had correct . ) 

b. How may we represent this per cent? (x#) 
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c. Represent ^ as a ratio of x to 100 (^j*). 

Elicit that since Sally did not have all the examples 
correct, she will receive less than 100$. Therefore, 
we know x < 100. 

d. What is the ratio of the number of examples Sally had 
correct to the number of examples on the test? 

e. Remind pupils that ratios can be considered as ordered 
pairs, i.e., the order in which the terms appear is im- 
portant. In setting up a proportion, care must be 
taken to see that the order of the terms of each of the 
two equivalent ratios agree. 

f . Help pupils to set up the proportion: 

Guide pupils to see that 17 (number of correct examples) 
has the same relationship to 20 (total number of examples) 
as x has to 100. 

g. What method may we use to find the value of x? (The product 
of the means equals the product of the extremes.) 

20x = 1700 
x = 85 

In the original proportion, if we replace x with 85, 

be comes ~ and the answer is 85$. 

100 

h. Check. Is the ratio of 17 to 20 equivalent to the ratio 
of 85 to 100? 

i. In a similar way, find what per cent 27 is of 50; 14 is of 28. 

2. Finding a per cent of a given number 

In a group of 300 pupils, 37$ had received an "A” in mathematics. 
How many received an "A 11 ? 

a. What are we asked to find? (the number of "A" pupils) 

b. How will we represent this number? (x) 

c. Elicit that since 37$ < 100$, x < 300. 

d. How will we represent 37$ as a ratio? (-£!-) 

100 

e. What ratio will express the comparison between the number of 
'•A** pupils and the number of pupils in the group? (— ) 
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f. Have pupils express the proportion ( _25L = JML ). 

g. Elicit that the number of ‘'A” pupils has the same rela- 
tionship to the total number of pupils as 37 has to 100* 

h. Solve the proportion 

JL = -22L 
300 100 

lOOx = 11100 
X — 111 

Answer: 111 pupils received "A"* 

i. Check. Is the ratio of 111 to 300 equivalent to the ratio 
of 37 to 100? 

j. In a similar way, find 80$ of 120; 35$ of 140. 

3. Finding a number when a per cent of it is known 

A boy sold 24 tickets for a dance. This was 4$ of the tickets 
sold. How many tickets were sold? 

a. What are we asked to find? (the number of tickets sold) 

b. How will we represent this number? (x) 

c. Elicit that 24 represents only a part (4$) of the total 
number of tickets sold, and that, therefore, x (the number 
of tickets sold) is greater than 24* 

d. Have pupils set up the proportion showing that 24 has the 
same relationship to x as 4 has to 100. 

e. Have pupils solve the proportion 

24 4 

x“ ~ * 00 
2400 = 4x 
600 = x 

Answer: 600 tickets were sold. 

f . Check. Is the ratio of 24 to 600 equivalent to the ratio of 
4 to 100? 



II. Practice 

A. A basketball player is successful in shooting 13 fouls out of 20 
tries. What per cent of shots were successful? 
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B. A pupil gets 23 examples correct on a test which has 25 questions* 
What per cent did he get right? 

C* There are 250 pupils in an auditorium. 40# of them are girls* 

How many girls are there in the auditorium? 

D* The traffic during a holiday weekend was 150 % of regular weekend 
traffic. If there are 24 million cars on the road during a reg- 
ular weekend, how many cars are there on the road during a holiday 
weekend? 

E* A company pays 1% of the yearly salary to each employee as a bonus 
at the end of the year. Mr. Jones received $560 as a bonus. What 
is Mr. Jones* yearly salary? 

F. 40$ of the eighth grade pupils joined the G.O. during the first week 
of school. If this represents 80 pupils, what is the register of 
the eighth grade? 

III. Summary 

A. In exoressing a per cent as a ratio, what is the second term? 

B. What proportions can be used to find: 

1. What per cent of 52 is 13? 

2. What is 6# of 720? 

3. The number of which 5 is 20#? 
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CHAPTER VIII 



THE SET OF IRRATIONAL NUMBERS 



This chapter suggests procedures for introducing pupils to the 
set of real numbers. Methods are presented for developing important 
basic understandings of the meaning of irrational numbers and how 
they relate to rational numbers in the set of real numbers. 

The materials included in this section will help to develop 
pupil understanding of: 

squares of rational numbers (perfect squares ) 
square root; principal square root symbol: /; 
radicand 

solution of problems which involve finding the 
square root of a perfect square 
rational numbers - terminating or repeating decimals 
irrational numbers - non-terminating, non-repeating 
decimals 

square root of a ncn-perfect square by approximation 
irrational numbers and the number line 

As the pupil reviews the squaring of a rational number and 
practices squaring various elements of the set of rational numbers, 
he is guided to consider the inverse operation, i.e., finding the 
square root of a number. The meaning of the radical sign, *»/ « 
is developed, along with the distinction between the square roots 
of a number and its principal square root . An estimation and trial 
method of finding square roots (of perfect squares) is suggested as 
appropriate to this stage of pupil understanding. 

The approach to the concept of an irrational number is by means 
of an investigation of decimals. Pupils find that any rational number 

£ ( b + 0) can be expressed as a decimal that either terminates or re- 
peats. Conversely, any terminating or repeating decimal represents a 
rational number. The question is then raised of a non— terminating, 
non-repeating decimal, such as: . 6325447 ... Since non-repeating, non- 
terminating decimals cannot represent rational numbers, we give them 
the name irrational numbers. Then the set of real numbers is identi- 
fied as the set consisting of all rational numbers and all irrational 
numbers. 

In this chapter, pupils are guided to see that the square root 
of every positive rational number cannot always be found. They are 
helped to understand that the square roots of some rational numbers are 
irrational. Procedures are presented for having pupils develop a tech- 
nique for finding a rational approximation (to tenths place) of a non- 
perfect square. 

An approximation method of associating a point on the number line 



with an irrational number is also developed. Thus, pupils are guided 
to an understanding of the real number line. 

Through a study of right triangles, pupils discover the Pythagorean 
relationship and learn to express this relationship in the generalized 
form: c 2 = a 3 + b 2 . They are then introduced to a method of solving 
problems involving this Pythagorean relationship. In the course of solv- 
ing such problems, the use of the square root tables in the text is intro- 
duced to facilitate computation. 
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CHAPTER VIII 



THE SET OF IRRATIONAL NUMBERS 
Lessons 79-88 



Lessons 79 and 80 



Topic: Square Root 

Aim: To learn the meaning of square root 
Specific Objectives: 

To introduce the concept of a perfect square 
To introduce the concept of square root 
To learn the use of the symbol: f 

Challenge: What have these numbers in common? 81, 49, and .25? 

I. Procedure 

A. The concept of a perfect square 

1. Have pupils recall that 3*3 can be written as 3 s . 

a. In the expression 3 2 , what is the exponent? What is the 
base? What does the exponent indicate? 

Have pupils recall that an expression such as 3 s * is called 
a power and read “the second power of 3. H 

b. How can we write the second power of 4? of 5? 

In the expression 5 s , how many times is 5 used as a factor? 

2. Have pupils recall that 3 2 can also be read as "3 square 1 * or 
"3 squared." When we square a number, we use the number as a 
factor twice. 

3. Meaning of perfect square 

a. Have pupils complete the following: 



f = ? 


(9 x 9 = ?) 


(i) 2 = ? 


3 3 


0- 

II 

w 

1 


0- 

II 

i 

X 

C"- 

1 

' / 


(-.5 f = ? 


(-.5 x .5 = ?) 


(? = ? 


(0x0)=? 
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b. To what set of numbers do the following belong? 

9 , §*, -7> -.5, 0? (the set of rational numbers) 

c. Tell pupils that when we square a rational number, the result, 
always a rational number, is called a perfect square. 

d. Refer to the challenge. What the numbers 81, §■, 49 > and .25 
have in common is that each is a perfect square. Each is the 
square of a rational number. 

4. If a positive number is squared, what is the sign of the result? 
(positive) 

If a negative number is squared, what is the sign of the result? 
(positive) 

Elicit that perfect squares, except zero, are positive rational 
numbers. (Zero is considered to be neither positive nor negative.) 

B. The concept of square root 

1. a. Name some pairs of factors of 36. (1x36, 2x18, 4x9 > 6x6) 

b. Is there a pair of factors where each factor is the same number? 

c. Since 6x6 = 36, 6 is called a square root of 36. In the same 

way, since 5x5 = 25, 5 is called a square root of 25* 

Why is 7 a square root of 49? 

Why is 9 a square root of 81? 

Why is b a square root of b 2 ? 

2. a. Have pupils make a table of squares: l 2 ,...,!^. 



I 




II 


number (n) 




number squared (n 2 ) 


1 


lxl 


1 


2 


2x2 


4 


3 

• 


3x3 

• 


9 

• 


0 

10 


• 

10x10 


• 

100 



Elicit that each number in column II is a perfect square, 
i.e., the square of the corresponding number in column I. 
Each number in column I is a square root of the corres- 
ponding number in column II. 

b. From the table, find the square of 3> 6, 8. 

c. From the table, find a square root of 25, 9 , 81, 64* 
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d. Guide pupils to see that while 4x4 = 16, (-4)x(-4) also 
equals 16. Therefore, 16 has two square roots, one posi- 
tive, one negative: +4 and -4* 

Have pupils realize that since every perfect square, ex- 
cept zero, is the product of two equal positive numbers 
or of two equal negative numbers, every perfect square has 
two square roots, a positive square root and a negative 
square root. (Zero has only one square root: 0,) 

e. Tell pupils that the positive square root of a number is 
called the principal square root . 

The square roots of 49 are +7 and -7. Why? (+7)(+7) = 49* 
and (-7X-7) = 49. 

How are the two square roots of 49 related to each other? 

(They are additive inverses.) 

Which is the principal square root of 49? (+7) 

C. Using the symbol: r~ 

1. Tell the pupils that the symbol for the principal square root 
of 49 is s/k9. The symbol f is called a radical. The numeral 
under the radical symbol is called the radicand . In the ex- 
pression /w, 49 is the radicand. 

2. Since the negative square root of 49 is the additive inverse 

of the principal square root of 49* tell pupils that the negative 
square root is represented by a negative sign preceding the radi- 
cal. 

M = 7 -/w = -7 

3. In each of the following, name the radicand and find the indicated 
square root. 

./3 6 -/I6 -/T A 

9 

4. Have pupils consider whether negative numbers have square roots 
in the set of rational numbers. 

a. Within the set of rational numbers, can you find two equal 
factors whose product is -9? Since 3x3 — 9 and -3x-3 = 9* 
neither 3 nor -3 is a square root of -9. 

Elicit that in the set of rational numbers we can find no 
value for ./-9 . 

b. Within the set of rational numbers can you find two factors 
whose product is -36? -1? -a 2 ? 
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Have pupils recall that the square of a positive number 
is positive, and the square of a negative number is pos- 
itive. Also, that the square of zero is 0. Help them 
conclude that no negative rational number has a square 
root in the set of rational numbers. 



II. Practice 

A. The second power of 6 is • 

B. The principal square root of 9 is • 

C. 725 is since the second power of 5 is • 

D. f = and /? = 7. 

E. 781 is , because times is equal to 81. 

F. If 10 s = a 2 , then a = or a = • 

G. If 36 = b 2 , then b = JT or . 




i. (-i ) 8 - 



III. Summary 

A. Squares of rational numbers are squares. 

B. The square root of a number is one of the equal factors 

of that number. 

C. The principal square root is always the square root. 

D. The numeral under a radical symbol is called the • 

E. What new vocabulary did you learn today? 
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Lesson 81 



Topic: Square Root 

Aim: To find the principal square root of a perfect square by estimation 
Specific Objectives: 

To find the principal square root of a perfect square by estimation and 
trisGL 

To find the length of a side of a square when the area of the square 
region is given 

Challenge: The area of a square region is 1296 square feet. "What is the 
length of each side of the square? 

I. Procedure 

A. Finding square root by estimation and trial 
1. ’What is the principal square root of 225? 

a. Help pupils prepare a table of squares of successive multi- 
ples of 10. 



n 



n x n 



n 2 



10 


10x10 


100 


20 


20x20 


400 


30 


30x30 


900 


40 


40x40 


1600 


50 


50x50 


2500 


60 


60x60 


3600 


70 


70x70 


4900 


80 


80x80 


6400 


90 


90X90 


8100 



b. To find the principal square root of 225, have pupils estimate, 

Since 10 s is 100 and 20 3 is 400, then 7^25 > 10 and /225 < 20. 
This can be written as 10 < 7225 < 20. 

c. Which of the numbers between 10 and 20, when used as a factor 
twice, will have a product ending in 5? (15) 



d. Try 15 * 15. 



15 

xl£ 

75 

225 



Then 15 2 = 225 and 15 = 7^25. 
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2* In a similar way, find the principal square root of 

a. 289 Estimate: 10 < /289 < 20 

Which of the numbers between 10 and 20, when used as a factor 
twj.ce, will have a product ending in 9? 

Try 13 and 17 (13x13 = 169 and 17x17 = 289). 



B* To solve problems involving square roots 

1* Refer to the challenge* What is the formula for finding the 
area of a square? A = s 2 . What does A represent? What does 
s represent? 

2* Write the formula, replacing A with 1296. 1296 = s 2 . 

3. In the formula A = s 2 , what is an appropriate replacement set 
for s from all the numbers you know? (the set of positive 
rational numbers) Since **s n represents the number of units of 
measure in the side of a square, the value of ,, s H cannot be 
negative. 

What replacement for s will make 1296 = s 2 a true statement? 

( yi296 = s) 

Why need we consider only the principal square root? 

4. How can we estimate 71296? 

l(f - 100 2(f - 400 30 3 = 900 40®= 1600 

Then A 29 6 > 30 and ./l2$6 < 40 or 30 < s/1296 < 40* 

Which of the numbers between 30 and 40 when squared would 
produce a product ending in 6? (34 and 36) 

Try 34 34 



1020 

1156 (1156 + 1296) 

Try 36 36 

*36 
2l5 
1080 
1295 

Then 1296 = 36 2 and 36 = s. The side of the square is 36 ft. long. 



b. 324 



c. 625 
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II. Practice 



A. Find the principal square root of 400, of 900, and of 576. 

B. Find the side of a square region whose area is 169 sq. ft. 
1089 sq. ft. 

III. Summary 

A. Square roots of perfect squares may be found by ( estimation ) 
and ( trial ). 

B. To find the side of a square whose area is known, we find the 

of its area. 
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Lesson 82 



Topic: Rational Numbers: Terminating and Repeating Decimals 

Aim: To develop the concept that terminating decimals and non-terminating 
repeating decimals name rational numbers 

Specific Objectives: 

To review the meaning of rational number 

To express a rational number as a terminating or repeating decimal 
Challenge: Write the decimal numeral for — . 

3 

I. Procedure 



A, Review meaning of rational number 



1* Have pupils recall that a rational number is a number which 
can be expressed in the form: b ^ 0, where a and b repre- 
sent integers, ® 



2, Express the following rational numbers in the form: b ^ 0: 

b 



3 

4 > 



2 , - 8 , 




1.7 



/3 3 8 32 17 \ 

^4 ’ P ~ P &’ 10 



B. Expressing a rational number by a terminating or non-terminating 
repeating decimal 

1, Have pupils recall that a rational number may be expressed in 
decimal notation, 

Express iL in decimal form, 

4 

♦ 75 

| = 3 r 4 or 4)3.00 

2 8 
20 
20 
0 




Express the following in decimal form: 1, 

8 5 

Tell pupils that such decimals are called terminating decimals 
because the division ultimately comes to an end when a re- 
mainder of zero occurs. 
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2. Have pupils express i. in decimal form to 3 places; to 5 places; 
to 10 places* 

If you continued the division, what digit would be in the 11th 
place; the 20th place; the 2 millionth? 

Elicit that as far as the division was carried, the next digit 
in the quotient would also be 3 and the remainder will never 
be zero* Tell pupils that we can indicate that 3 repeat s — on 
and on_by placing a bar over the last 3> *333? *3333? or 

even *3* 

In a similar way, have pupils express 2. in decimal form to 4 
places; to 6 places; to 8 places* 

Elicit that if the division were continued, the next two digits 
would be_27. We can indicate that 27 repeats by using a bar, 
e*g* , *27, *2727* etc* 

3* Refer to the challenge. Elicit that the decimal name for 2., 
already known by the pupils, is .662.* This may now be written 
as *66 (or or .666, etc.) 

4. Elicit that it seems from the previous examples that a rational 
number can be named by a terminating decimal or by a non-termin- 
ating decimal that repeats* Tell pupils this is true* The 
teacher may wish, with some classes, to show that the converse 
of this is true. 

5. Do you think the converse of this is true? Does any terminating 
decimal or non-terminating decimal that repeats name a rational 
number? 

a. Elicit that the terminating decimals such as .5> *25, *125 
can be named by a rational number in the form p b ^ 0, 




.25 = 21 
10 0 



.125 



_ 125 
100 0 



b. Show pupils that a non-terminating repeating decimal such as 
♦ 6667* or .666 also names a rational number. Let us repre- 
sent the rational number we seek by n. Then n = .666. Since 
n and ,66'S name the same number, so do lOxn and 10 X .666, 

lOn = 6.666 
n = .666 

If we subtract n from lOn and .666 from 6.666, we can eliminate 

. 666 . 
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To subtract n from lOn we use the distributive property 
of multiplication over subtraction: lOn - n = (lO-l)n or 9n, 

Then, by subtraction: 10n = 6.666 



n = .666 




9 3 



The rational number named by ,66& is — . 

c. What rational number is named by the non-terminating repeating 
decimal .2727? 

Let n = .2727 _ 

then 100xn= 100 x .2727 

lOOn = 27.2727 
n = .2727 

99n = 27 

n - 21 or 2. 

99 11 

The rational number named by .2727 is 



II. Practice 

A. Express each of these rational numbers in the form : b ^ 0 where 

a and b are integers. b * 

4 12 5h 3.6 

B * d^imal ***** ° f theS6 rational numbers b ^ a repeating or terminating 

I li 4 4 

8 3 7 6* 

III. Summary 

A. A rational number may be expressed by a decimal or by a 

decimal. 

B. What new method did we learn for writing a decimal which repeats. 

C. What is the significance of the bar in the following expressions: 

.77 .3232 .23756 
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Lesson S3 

Topic: Irrational Numbers 

Aim: To develop the concept of an irrational number 
Specific Objectives: 

To construct a non-terminating, non-repeating decimal 
To learn the characteristics of an irrational number 

Challenge: Are there any decimals that do not terminate or repeat? 

I. Procedure 

A. To construct a non-terminating, non-repeating decimal 

1. Have pupils recall that a rational number can be named by a 
terminating decimal or by a non-terminating repeating decimal. 

2 # +.n nhanerure. Consider the decimal: 0.1234567891011* •• 



3. Answer the challenge. Have pupils make up several non-terminating. 



B. Characteristics of an irrational number 

1. Guide oupils to realize that since the non-terminating, non-, 
repeating decimals do not name rational numbers, a new name is 
needed for the numbers they do represent. 



4. Tell puoils that the union of the set of rational and the set of 
irrational numbers is called the set of real numbers. 




decimal ever repeat? Why not? 



non-repeating decimals. 





ing decimals are called irrational numbers. Tell pupils that 
irrational numbers cannot be expressed in the form -, where a an 

b are integers, b ^ 0. 



3 . 
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II. Practice 



A. Consider the decimal: 0 « 2468101214 •• .These digits have been chosen 
in succession from the set of even integers. What will be the 
next six digits? Explain why this decimal will never terminate. 
Will this decimal ever repeat? Why? To what set of numbers does 
this non-repeating, non-terminating decimal belong? 

B. Tell whether each of the following is rational or irrational. 
Explain your answers. 

1. .323232 3. *75 

2. .823824825826... 4* 5 

C. To what set of numbers do all the above belong? 

III. Summary 

A. A non-repeating, non-terminating decimal represents a(n) g 

number. 

B. The set of rational numbers and the set of irrational numbers are 
subsets of the set of __ numbers. 

C. What new vocabulary did we learn today? 

(irrational, real numbers) 
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Lesson 84 



Topic: Square Root 

Aim: To approximate the square root of a non-perfect square 
Specific Objectives: 

To learn that the square root of a non-perfect square is an ir- 
rational number 

To find a rational approximation of the square root of a non- 
perfect square 

Challenge: What is the principal square root of 18? 

I. Procedure 

A. The square root of a non-perfect square is an irrational number 

1. Refer to challenge. Have pupils recall that when a number 
can be factored into exactly two equal rational factors, 
each of the equal factors is a square root of the number. 

2. Is there any integer which when used as a factor twice will 
result in a product of 18? 

since yT6 = 4 then /T8 > 4 
since ./^5 = 5 then /T . 8 < 5 
4 < /L8 < 5 

Have pupils conclude that there is no integer which when used 
as a factor twice will give us 18 as a product. 

3. Is there any rational number between 4 and 5 which used as a 
factor twice will result in 18 as a product? 

Have pupils try various rational numbers such as 4.2, 4*36, 
4.123, etc., and list results on the board. 

(4*2) s = 17*64 
(4.36) 2 = ? 

(4.123 ) 2 = ?, etc. 

Pupils will discover that none of the numbers they tried vd.ll 
give a product of 18. 

4. Have pupils recall the meaning of a perfect square, (the 
square of a rational number) 

From our work, it appears there is no rational number whose 



ERjt 
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square is 18* If this is true, is 18 a perfect square? Why 
not? (Because a perfect square is the result of squaring a 
rational nur.iber. ) 

5. Tell the pupils that it will be proved in later courses that 
numbers such as 18 are not perfect squares and therefore do 
not have rational square roots. Such numbers can be called 
non-perfect squares. The square root of a non-perfect square 
is an irrational number. 

B. Find a rational approximation of the square root of a non-perfect 
square 



1. Since the square root of a non-perfect square is an irrational 
number, we will try to find a rational approximation of 718. 

3y "a rational approximation 1 ' we mean a rational number which 
will approximate the value of an irrational number. 

2. Refer to A-2, 4 < 7l8 < 5 means that the rational approximation 
of 718 will be 4 and some decimal fraction. What does (4.1) 8 
equal? (16.81) What does (4.2) 2 equal? (17.64) What does (4.3) 
equal? (18.49) 

Between which of these rational approximations will the square 
root of 18 lie? (4.2 < /l8 < 4*3) 

3. From your multiplications, (4.2) 2 = 17.64 and (4.3) 2 = 18.49. 

What is the difference between 18 and 17.64? 

What is the difference between 18.49 ana 18? 

Which rational approximation would you say is the closer to 

./Is? (4.2) ‘ 

Then we will say that 718 = 4.2 to the nearest tenth. 

Note to Teacher : The pupils should realize that the rational 
approximation to the square root of a non-perfect square can 
be found to hundredths or thousandths, etc. For example, the 
rational approximation of 7^8 to 15 decimal places is 
4.242640687119285. In any problem calling for the square 
root of a non-perfect square, the number of decimal places 
required will always be indicated. In this material we shall 
not go beyond tenths place. 

II. Practice 

A. Between what two consecutive int ege rs does each of the following 
lie? 77 (between 2 and 3), 7*72, 728 

B. Find the value of (5.2) 2 , (7*8) 2 , (3.4) s . 



C. Find to the nearest tenth: m, f, ft 6. 

III. Summary 

A. Why is /2 an irrational number? 

B. Explain what is meant by a rational approximation of an irrational 
number. 
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Lesson 85 

Topic: The Pythagorean Relationship 

Aim: To discover the Pythagorean relationship in a right triangle 
Specific Objectives: 

To review the meaning of: right triangle, hypotenuse, legs 
To discover the Pythagorean relationship among the sides of any 
right triangle 

Note: It is suggested that the teacher prepare and distribute rexo- 
graphea sheets containing the following diagrams: 



£ 




Challenge: What relationship can you discover among the area measures 
of squares A3DE, ACGF, AND CBiH? 

I. Procedure 

A. Review meaning of right triangle, hypotenuse, legs 

1, In the figure shown in the challenge, what kind of polygon 
is ACB? 

2. In right triangle ACB, which is the largest angle? 
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3. Which is the longest side of triangle AC3? (hypotenuse) 

4. If angle C is a right angle, name the hypotenuse. Name each 
leg. 

5. What is the unit measure of side AB? side CB? side AC? 

(AB = 5 units, CB = 4 units, AC = 3 units) 

3. To discover the Pythagorean relationship 

1. How many square units are there in each of the regions A3DE, 
ACGF, CBIH? 

2. What relationship* can you discover among these area measures? 
(25 = 9 + 16) 

3. Have pupils realize that the area of each square region equals 
the square of the measure of one of its sides, i.e., 9 — 3 s 5 
16 = 4 2 ; 25 = 5 2 and therefore 25 = 9 + 16 could be exoressed 
as 5 2 = 3 2 + 4 2 . 

4. In a manner similar to the challenge diagram, have each pupil 
draw on squared paper a right triangle with legs 6 units and 
8 units in- length. 

Draw squares on the legs of the triangle and find the area of 
each square region. Use another piece of squared paper to 
measure the hypotenuse. Does 1CP = 6 2 + 8 s ? This example 
illustrates the Pythagorean relationship named for the Greek 
mathematician, Pythagoras. It may be stated: In a right 
triangle, the square of the measure of the hypotenuse equals 
the sum of the squares of the measures of the legs. 

5. Using a and b to represent the lengths of the legs of a right 
triangle, and c to represent the length of the hypotenuse, 
how can we express the area of the square region drawn on side 
a? (a 2 ); on side b? (b 2 ); on side c? (c 2 ) 

How can we express the Pythagorean relationship in terms of 
a, b, and c? (c 2 = a 2 + b 2 ) 

Note to Teacher : Have pupils realize that c 2 = a 2 + b 2 is a 
generalisation of the Pythagorean relationship . 



II. Practice 

A. Have pupils draw right triangles in different positions and have 
them name the hypotenuse and legs of each triangle. 

B. Listed below are the lengths of the sides of several right triangles. 
Have pupils check to see that the relationship c 2 = a 2 + b 2 holds. 

1. 5, 12, 13 Does 13 2 = 5 2 + 12 2 ? 3. 7, 24, 25 

2 . 8 , 15 , 17 4 . 12 , 16 , 20 
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III. Summary 

A. In a right triangle, what name is given to the side opposite 
the right angle? to the sides opposite the acute angles? 

B. In a right triangle, which is the longest side? 

C. What relationship seems to exist among the sides of a right 
triangle? Why is it called the Pythagorean relationship? 

D. Using the letters a and b to represent the measures of the legs, 
and c to represent the measure of the hypotenuse of a right tri- 
angle, how can we express the Pythagorean relationship? 
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Lesson 86 



Topic: Pythagorean Relationship 

Aim: To use the Pythagorean relationship 

Specific Objectives: 

To review finding the square root of a number 
To use the Pythagorean relationship to find the hypotenuse of a 
right triangle 

Challenge: V»hat is the hypotenuse of a right triangle whose legs measure 
8" and 15"? 

I. Procedure 

A, Review of finding square root 

1. The square roots of 25 are +5 and -5. Why? 

2. YJhich is the principal square root of 25? 

3. Find the principal square root of 196. 

4. Find ffk to the nearest tenth. 

B. Using the Pythagorean relationship to find the hypotenuse 

Note to Teacher : In order to facilitate problem solving, it is 
suggested that the pupils find square roots or square root 
approximations by using the tables in their textbooks. The work 
done by the pupils in estimating and approximating square roots 
will reinforce their understanding and help them to avoid errors 
in reading the tables. It will also help the pupils to find 
answers when the tables are not available. 

1. Refer to the challenge. 

Draw a figure representing the right triangle. 

2. Filicit that AC and BC are the legs of the 
right triangle ACB and that AB is the 
hypotenuse. 

3. Have pupils recall the generalization of the 
Pythagorean relationship, c 2 =a 2 +b 2 and make 
the appropriate numeral replacements: c 2 =8 2 +15 2 . 

4. Solving the above equation: c? = 64 + 225 

c 2 = 289 



B 





- 237 - 



What is the value of c? (17 or -17) 

Which value of c do we consider for our answer? (c = 17) Why? 
Therefore, the length of the hypotenuse is 17 u * 

5. If the lengths of the legs were 2 1 and 3 X , how long would the 
hypotenuse be? 

c 3 = 3 s + 2 s 

c 2 = 9 + 4 
c 2 = 13 

6. If c 2 = 13, what kind of number will be the value of c? 
(irrational) Why? (Because no rational number used as a fac- 
tor twice will result in 13*) 

7* Find the square root of 13 to the nearest tenth. 

From the table in the textbook, the three-place decimal rational 
approximation for /*L3 is 3*606. /l3 to the nearest tenth is 3*6. 

II. Practice 

A* What is the principal square root of 400? 

j pmmm* 

B. Find /74 to the nearest tenth 
1. by approximation 



2. by using the table in the textbook. 



Find the length of the hypotenuse of a right triangle when the 
measures of the legs are: 


a = 15 inches 


b = 20 inches 


a = 9 centimeters 


b = 40 centimeters 


a = 1 meter 


b = 1 meter 



III. Summary 

A. What is meant by the principal square root of a number? 

B. How would you express in words the Pythagorean relationship? 
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Lesson 88 



Topic: Irrational Numbers 

Aim: To show that a point on the number line may be associated with an 
irrational number 

Specific Objectives: 

To find, by approximation, a point on a number line associated with 
an irrational number 

To understand that every point on the number line has either a 
rational or an irrational number associated with it 

Challenge: what po int on the number line would vou associate with 

716 ? 725 ? 755 ? 

I# Procedure 



A# Associating a point on a number line with an irrational number 



1. Have pupils recall that they have associated points on a 
number line with whole numbers, with integers, and with 
rational numbers. 



<■ 



2. Refer to challenge. Elicit that since 716 = 4 and ./25j= 5, 
/L8 is greater than 4 and less than 5; that is, 4 <7l8 < 5. 



On the number line, the point associated with ,./!L8 is between 
the points associated with 4 and 5. 




3* Have Pupils recall from a previous lesson that in approximating 
./18 to one decimal place 

(4.2) 2 = 17.64 

(4.3) 3 = 18.49 

/. 4.2 < 755 < 4.3 






Imagine a magnifying glass used Po enlarge the interval on the 
number line from 4 to 5. Divide this interval into ten equal 
parts. The point associated with ./55 is between 4.2 and 4.3. 

/nr 

- \1/ i 



4.1 



4.3 



4.3 



4.4 4.5 



1 



4.6 



4.7 4.8 



4 .9 



> 



4. In approximating /L8 to two decimal places, we find that 



(4.24 ) s = 17.9776 
(4.25 f = 18.0625 
.’. 4.24 < /IS < 4.25 
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c. Using the Pythagorean 



relationship 



c 3 = a 2 + b 3 

(12) 3 =(11) 2 + b 3 

144 =121 + b 3 

23 = b 2 

4*796 = b 

d* Therefore, the distance to the nearest foot is 5 



II. Practice 



Using the Pythagorean relationship, find the length of tne third 
side to the nearest integer* 



a = 5 ) c - 13 



b = 11, c = 14 



B. A pole 40 feet in height is steadied by a guy wire 41 feet in 
length attached at the top of the pole. How far from the foot 
of the pole is the foot of the gay wire. 

c A rectangular sheet of art paper is 24" long and 7" wide. What 
* is the ^ Of the longest straight line that can be drawn on 

this paper? 

III. Summary 

*• sfCSTrs t ■ “ijrsss: srssc. “ 

hypotenuse and the other leg are known. 

B. List the steps you would take to solve a verbal problem in which 
the Pythagorean relationship is used. 





c. Have oupils use the table to find the square root of 

51 ( 7 . 141 ). 

d. Elicit that 7.141 = 7.1 to the nearest tenth. Therefore,, 
the length of the leg is 7 inches. 

• Using the Pythagorean relationship to solve verbal problems 

1. A rectangular lot is 30 ft. wide and 40 ft. long. If a 
boy cuts diagonally across the lot, how many feet would 
he save over the distance covered by walking along the 
sidewalk? 



a. Have pupils draw a diagram repre- 
senting the conditions in the 
problem. 

b. Elicit that to answer the question 
posed by the problem, it will be 
necessary to find the length of the 
diagonal path. 




c. Have pupils realize that since the diagonal path cuts 
the rectangular lot into two right triangles", the 
Pythagorean relationship may be used to find its length. 



d. c 2 = a 2 + b 2 

c 2 = (40) 2 + (30) 2 

c 2 = 1600 + 900 

c = 50 



Length of the diagonal path is 50 ft. 



e. Elicit that if the boy had walked along the sidewalk, he 
would have walked 70 ft. 



f. Answer to problem: 70 - 50 = 20 ft. saved. 



2. A 12 ft. ladder is placed against a building so that it just 
reaches a window 11 ft. from the ground. How far is the bottom 
of the ladder from the base of the building? Round off your 
answer to the nearest foot. 



a. Have pupils draw a diagram representing 
the conditions in the problem. 

b. Elicit that the ladder forms a right 
triangle with the side of the building 
and the ground. 
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Lesson 87 

Topic: Pythagorean Relationship 

Aim: To use the Pythagorean relationship 



Specific Objectives: 

To use the Pythagorean relationship to find the length of one leg 

use^f W^ean relationship to solve "verbal problems" 
involving right triangles 

Challenge: In the right triangle ABC shown at the 
right 9 what is the length of AC. 



B 




I. Procedure 

A. To find the length of one leg when the lengths 
of the hypotenuse and the other leg are Known 

1 *efer to challenge. SLicit that since triangle ABC is a 

* right triangle, the Pythagorean relationship among the sides 

will hold. 

2 Have puoils recall the generalization of the Pythagorean 

’ relationship c 2 = a 2 + b 2 and make the appropriate replace- 

ments. . 

o s = a 8 + b 2 

(25 f = (15)*+ b 2 
625 = 225 + b 2 

3. What property of equation solving could we use to find the 
value of b ? 

4. If 400 = b 2 , what is the value of b? Therefore, the length 
of AC is 20 inches. 

5. If the hypotenuse of a right trlangLe is 10 inches, and one 
leg is 7 inches, find the length of the other leg. Give the 

answer to the nearest inch. 



a. Have pupils draw a diagram to represent the conditions in 



b. 



the problem. 

c 2 = a 2 + b® 

(10) 2 = (7) 2 + 

100 = 49 + b 3 

51 = b 3 
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Imagine a 
line from 
The point 
with 4.24 



j i 

4 #2 



magnifying glass enlarging the interval on the number 
4.2 to 4.3. Divide this interval into ten equal parts, 
associated with ./18 is between the points associated 

and 4.25. 

/is* 

l i L-l I 1 I 1 1 rl — > 

4 .24 4 .25 * 



5. In the rational approximation of /18 to three decimal places, 
we find that 

(4.242) s = 17.994564 
(4.243 f =18.003043 

/. 4.242 < yi 8 < 4.243 

Imagine a magnifying glass enlarging the interval on the number 
line from 4.24 to 4.25. Divide this_interval into ten equal 
parts. The point associated with /IS is between the points 
associated with 4.24 2 and 4.243* 

v/18 



^ 1 


I 


1 4 


/ 1 1 


1 ! 


L 


±_ 


L 


1 . 


^ — A 


- ■ l. . _ 


— 4 . 2 ? 


5 4» 3*5 










4 .25 



Have pupils realize that in this process each magnified interval 
lies within the preceding interval. 

6. Have pupils note that as the number of decimal places in the 
rational approximation increases, the interval on the number 
line between the points associated with each successive pair 
of numbers becomes smaller and smaller. As the rational ap- 
proximations close in on the irrational number represented 
by ./l8, the points associated with these approximations get 
closer and closer. It seems then that they will eventually 
close in on one and only one point on the number line. 

/5~ 

4 .24 4 .25 




7. Tell pupils that in a similar manner, it. can be shown that 
there is a unique point on the number line associated with 
each irrational number. 



B. The real number line 

1. Elicit that the set of whole numbers and the set of integers 
are subsets of the set of rational numbers. 

2. Have pupils recall that the set of real numbers consists of 
the union of the set of rational numbers and the set of ir- 
rational numbers. 



3. Tell pupils that every point on the number line is associated 
with a real number (rational or irrational) and each real 
number (rational or irrational) is associated with one and 
only one point on the number line. 

Therefore, when we represent the set of real numbers on the 
number line, the points associated with these real numbers 
have no spaces between them. 

Only with the set of real numbers do we have a one-to-one 
correspondence between the set of numbers and the set of all 
ooints on the line. Such a number line is called the real num— 
ber line. 



II. Practice 

A. Consider the placement on the number line of the irrational number 

1.732... 

1. 3etween what two integers will it lie? (1 and 2) 

2. Between what two one-place decimal rational approximations will 3 
it lie? (1.7 and 1.8) 

3. Between what two two-place decimal rational approximations will 
it lie? (1.73 and 1.74) 

B. The n - 1.41421... Using a three-place decimal rational aoproxima 
tion indicate on a number line a point which approximates 2. 



III. Summary 

A. What are some subsets of the set of real numbers? 

B. Describe the process by which we locate a point on the number line 
associated with an irrational number. 
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CHAPTER IX 



GRAPHS 



The procedures suggested in this chapter will help pupils to 
develop an understanding of graphing an open sentence on the number 

plane. 

Among the important concepts developed in the chapter are. 

meaning of the symbols > and < . . 

graphing on the real number line inequalities in one 

ri bl 6 . 

meaning of an ordered number pair; locating a position 
in a plane by means of an ordered number pair 
finding a point in a number plane which corresponds o 

an ordered number pair . 

graphing the solution set of an equation in two variables 

graphing a formula in two variables 

The beginning lessons introduce the graphing of the inequalities! 
x > n, x < non the real number line. A comparison is made between 
graphs of such inequalities when the replacement set is the set of in- 
tegers and when it is the set of real numbers. 

The solution of open sentences in one variable is briefly reviewed 
and the solution of an open sentence in two variables is int ™ ^ 

testing various numbers of the replacement set for the variables. The 
pupU islhen guided to discover the meaning of an ordered number pair. 

The pupil learns first to locate a position in a plane, as, for 
example, a position in a classroom by means of an ordered number pair. 
This* knowledge is then applied to situations, such as oc g P 
of interest on a city map. 

The puoil then learns to associate a point in the number Plane 
with an ordered number oair and to graph points on a number plane. At 
this stage, a systematic orocess for finding solutions of an equation 
in two tfriables is presented. The solution set is then graphed on the 

number plane. 

The importance of the replacement set for the variable is developed 
bv showing the effect of a change in the replacement set on the graph of 
an “ion Pupils are led to understand the need for choosing an ap- 
propriate replacement set in graphing such formulas a* p - 4s, ™e perim 
eter of a square and p = 3s, the perimeter of an equilateral tnangl . 
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CHAPTER IX 



GRAPHS 



Lessons 89-93 



Lesson 89 

Topic: The Inequality 

Aim: To solve, by testing the members of the replacement set, inequalities 
of the form x > a, x < a 

Specific Objectives: 

To understand the meaning of the symbols: <, > 

To solve ■inequalities of the fora x > a, x < a 

Challenge: To vote in New York State, a citizen must be 21 years of 
age or older. How would you represent this condition 
using algebraic symbols? 

I. Procedure 

A. To understand the meaning of the symbols: >, < 

1. Refer to challenge. If x represents the number of years in 
the age of the citizen then, either 

x = 21 or 
x > 21 

"Why are the two sentences needed? 

2. How could we combine the two sentences above into one 
sentence? (x = 21 or x > 21) Show pupils that the sentence: 

" x = 21 or x > 21 11 is conventionally written: x > 21 and is 
read: x is greater than or equal to 21. 

3. Since the symbol > means "greater than or equal to," how can 
we represent "less than or equal to"? 

If the automobile speed limit on a parkway is 50 mph, and if 
y represents the speed of the car, express all the legal rates 
of speed in mathematical symbols. 

Since y = 50 i3 legal 
and y < 50 is legal 

Elicit that y < 50 is a representation of a speed which must be 
less than or equal to 50 mph. 

4. Express each of the following as a mathematical sentence: 

r is greater than or equal to 10 
t is less than or equal to 2 
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B. Solving inequalities of the form x > a, x < a 

1. Name four elements from the set of positive integers which 
make the inequality x > 4 a true statement. 

a. How may the replacement set for x be represented? 

b. Name four replacements that will make the sentence 
x > 4 true. 

c. Explain why 4 and 5, when used as replacements, each makes 
the sentence true. 

d. Name one replacement that will make the sentence false. 



5 

f 

r 

| 

t 



i 



f 




S 



e. Elicit that the solution set is sometimes called the truth 
set. 

2. Consider x < 10 where the replacement set for x is the set of 
integers. 

a. How may the replacement set for x be represented? 

{***, - 2 , - 1 , 0 , 1 , 2 , . ..^ 

b. Name four replacements that will make the sentence x < 10 
true. 

c. Explain why both 10 and —10, when used as replacements, will 
make the sentence true. 



II. Practice 

A* Using the replacement set f-5>-4>-3> •• *>5 } > find the solution set 
of each of the following: 

x> 2 ([2,3,4,51) 
x < 0 (f-5>-4,-3>-2,-l,Ol ) 
x > 5 (f5^) 
x < -7 (f 1 or 0) 

B. Suppose n represents any number in the set of positive even in- 
tegers. Name two replacements for n that will make 2n + 3 ^ H* 

C. What is the solution set of the open sentence in B? ((4,6,8,...^) 

III. Summary 



$ 



l 




A. What does the symbol > mean? 

B. What does the symbol < mean? 

C. State a life situation using the expression "greater than or equal 
to." Represent the situation by means of the symbol >. 



- 247 - 




Lesson 90 

Topic: The Inequality- 

Aim: To graph the solution set of an inequality in one variable 
on the number line 

Specific Objectives: 

To review graphing the solution set of an inequality in one 
variable 

Replacement set: set of integers 

To graph the solution set of an inequality in one variable 
Replacement set: set of real numbers 

Challenge: What is the difference in the graph of the solution set 
of x > 3 when the replacement set is the set of integers 
and when the replacement set is the set of real numbers ? 4 

< 

I. Procedure 

A, Review the graph of the solution set of x > 3? replacement 
set: the set of integers 

1, Have pupils recall that the solution set of x > 3 can be 
shown by means of a graph. For example, 

a. If the replacement set is fl,2,3>4>5l> what is the solution 
set of x > 3? 

b. Graph the solution set on the number line by indicating 
the members of the solution set with heavy dots. 

« I I I ! 1 i 1 i I 1 — > 

“ -a -1 O 1 9 3 T 6 7 ^ 

2. a. If the replacement set is the set of integers, what is the 

solution set of x > 3? ( f4,5,6, •• .]) 

b. Graph the solution set. 



< 






* * 4-4 






Have pupils note the difference between the two graphs. 
Lead pupils to realize that since the last point named 
on the line is included on the graph, this shows that 
the positive integers greater than 7 ere also in the 
solution set. 
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3# Using a similar procedure, have pupils graph x < 3, if 

a. the replacement set is f-5> “4* ~3j ”2, —1, 0, l}$ 

b. the replacement set is “2, -1, 0, 1 , 2, • ••}• 

B. To graph the solution set of x > 3 
Replacement set: set of real numbers 

1. When the replacement set is the set of real numbers, -what is 
the solution set of x > 3? (the set of all real numbers greater 

than 3) 

Tell pupils we can indicate this solution set by using 
hivilder notation * We write {x|x >3, xO] and read: the set 
of all x such that x is greater than 3 and x belongs to the 
set of real numbers. Notice the vertical bar is read such 

that . u 

2. Have pupils recall that the union of the set of rational numr- 
bers and the set of irrational numbers form the set of real 
numbers. Recall that there is a one-to-one correspondence 
between the set of real numbers and the points on the number 

line. 

3. Since every real number greater than 3 is a member ox the 
solution set, we indicate their graphs by darkening part 
of the number line. 

To show that 3 is not included in the solution set, a circle 
is drawn about the point corresponding to 3. 



1 


I 


1 


1 


1 rS 1 




— L- 


-J > 


< — 1 — 








V 


6 


6 


7 



4. Answer the challenge. 

5. Use as the replacement set the set of real numbers. What is 

the solution set for x > 3? (3 and all real numbers greater 

than 3) Tell pupils that since 3 is included in the solution 
set, we place a shaded circle on the point corresponding to 

3 and a heavy line to represent all other members of the solu- 
tion set. 

4 — i — i — i — # — i — i — « — 

6. Using a similar procedure, have pupils graph {xjx < 3* x € R} 
II. Practice 

A. Graph the solution sets of each of the following inequalities. 
Replacement set: set of real numbers 

1. x > 5 3. 4x > -8 



2. x < -1 
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4. 3x < 9 



B. Graph the solution sets of each of the following inequalities 
using the set of real numbers as the replacement set. 

1. x < 6 2. 2x > -2 

C. Consider the following graphs: 

Replacement set: set of real numbers 




Write an open sentence for which each of the above is a 
graph of the solution set. 

III. Summary 

A. Explain: If I is the set of integers, the graph of {x|x < 3, 
x € i} is a set of distinct points on the number line. 

B. Explain: If R is the set of real numbers, the graph of 
{x|x <3i x € R} is a ray whose end point is the point as- 
sociated with the number 3 on the number line. 

C* What is the significance of the unshaded circle when used a 3 
part of the graph of the solution set of an inequality on the 
real number line? 

D. Does the graph of fx|x < 6} include the point associated with 
the number 6? Explain your answer. 
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Lesson 91 

Topic: Open Sentences in Two Variables 

Aim: To develop the meaning of an ordered pair of numbers 

Specific Objectives: 

To review the solution sets of open sentences in one variable 

To introduce the solution sets of open sentences in two variables 

To develop the meaning of an ordered pair of numbers 

Challenge: Explain why {4,3} = {3,4} but (4,3) ^ (3,4). 

I. Procedure 

A, Solution sets of open sentences in one variable 

1* Have pupils recall that an open sentence is one that cannot 
be judged true or false, 

2. Elicit that the truth or falsity of an open sentence such 
as 2n 55 14 cannot be determined until n is replaced by the 
name of a number from the replacement set. 

3. If the replacement set is the set of rational numbers, what 
is the solution set of: 

n + 3 = 7? 2n = 14? 3n = -10? 

B. Solution of open sentences in two variables 

Note to Teacher : Tell pupils that from now on unless stated 

otherwise, the replacement set will be the set of real numbers. 

1. Have pupils consider the open sentence: x + 2y = 10. 

2. Elicit that such an open sentence requires replacements for 
both x and y. 

3. Have pupils try various replacements for x and y that will 
make a true statement of the open sentence x + 2 y = 10. 



X 


X . 


x + 2y = 10 


10 


0 


10 + 2(0) = 10 


2 


5 


2 + 2(5) = 10 


8 


1 


8 + 2(l) = 10 


3 


4 


3 + 2(4) = 10 


4 


3 


4 + 2(3) = 10 



True 

False 

True 

False 

True 
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4. Show pupils that by choosing a replacement for one variable, 
we can find the replacement for the other variable which will 
make the statement true in a systematic way. 

If we choose 6 as a replacement for x, we have 

x + 2y = 10 
6 + 2y = 10 

2y = 4 

7 = 2 

Have pupils check 

x + 2y = 10 
6 +2(2)= 10 

6 + 4 =10 

10 = 10 

If we choose 7 as a replacement for x, we have 

x + 2y = 10 

7 + 2y = 10 

2y = 3 

y = §• or ^ 



Have pupils check 

x + 2y = 10 
7 +2(|)= 10 
7+3 =10 
10 = 10 

Show pupils how to arrange their work. 



X 


x + 2y = 10 


7 


6 


6 + 2y = 10 


2 


7 


7 + 2y = 10 


3 

5* 



5. Lead pupils to realize that although a solution of an open 
sentence in one variable is a number, a solution of an open 
sentence in two variables is a pair of numbers. 

C. Ordered number pairs 

1. Tell pupils that number pairs such as 10 (the replacement for 
x) and 0 (the replacement for y) are conventionally written 
(10,0) with the value for x given first. 

2. Refer to the table in B~4. Have pupils note that when x is 
replaced by 4 and y by 3> the resulting statement is true. 
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but when x is replaced by 3 and y by 4, the resulting state- 
ment is false. Have pupils conclude that (4,3) £ (3>4) and 
that, therefore, the order is important, 

3. Return to challenge. {4,3} — {3*4} because if the members 
of the set are the same, the sets are equal regardless of 
order. (4,3) ^ (3>4) because (4,3) means x = 4, y = 3 and 
(3,4) means that x = 3 , y = 4 and order is important. 

4* Tell pupils that a pair of numbers in which the order is 
important is called an ordered pair of numbers * 

II* Practice 

A. Tell whether the given ordered pair of numbers is a solution of 
the open sentence. 

x + y = 3 (2,1) Yes, because 2+1 = 3 

a + 4b = 9 (3 ,2) No, because 3+4(2) ^ 9 

3x + y = 6 (1,3) 

2x - 2y = 10 (2,-3) 

B. Find several ordered pairs of numbers which will make the following 
true: 

Jx + y = 12 
x - y = 16 . 
x + 2y= -4 



III* Summary 

A. What vocabulary have you learned today? 

B. What is the difference between a solution of an open sentence in 
one variable and a solution of an open sentence in two variables? 

C. Why is a solution of an open sentence in two variables called an 
ordered pair of numbers? 
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Lesson ft2 

Topics Oi’dered Pairs of Numbers 

Aim: To locate a position or point by means of an ordered pair of numbers 
Specific Objectives: 

To review locating a point on a number line 

To learn to locate a position or point by means of an ordered pair of 
numbers 

Cha3J.enge: In your classroom* who is sitting in seat (5*2)? in 3 eat 

(2,5)? 



I, Procedure 

A. Locating a point on a number line 

1. Have pupils consider the number line below: 

D E ABC 

i ( 4 — 1 — i.~l — L.+ — t L 4 I t. j-.,i 1 > 

■"4 “* 3 ~3 - 1 0 +4 

What real number is associated with each point A,B*C,D,E? 

Tell the pupils that the number which corresponds to a point 
on the number line is called the coordinate of the point, 

2, What is the coordinate of each of the points H*J*K*G*F on 
this vertical number line. 





F 

J 




G 

K 
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B. Associating an ordered number pair with a position or point 
in a real life situation 

1. Have pupils examine a plan of an imaginary classroom such 
as the one below. 




Have pupils suggest the directions that must be given to 
locate the following pupils in the classroom. 

A. Albert D. David 

B. Betty E. Edward 

C. Carla 

2. Elicit that a pair of numbers is necessary to locate a 
pupil’s position because both the row and the seat must be 
identified. 

We will agree that the number of the row from the side of 
the room will be given first, and the number of the seat 
from the front of the room will be given second. 

The pupil located by the first row, fourth seat (Albert) 
is not the same as the pupil located by the fourth row, 
first seat (Betty). Therefore, order is important and we 
need an ordered number pair. 

3. If we represent the location of pupil A as (1,4)* how would 
you represent the location of pupil B? pupil C? pupil D? 
pupil E? 

Using the symbolism for the ordered pair of numbers, have 
pupils locate their positions in the classroom. 

4. Answer the challenge. 
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II. Practice 



N. 3rd Ave. 

N. 2nd Ave. 
N. 1st Ave. 

Broadway 
S. 1st Ave. 
S. 2nd Ave. 
S. 3rd Ave. 




• 


• 


• 




• 


• 


• 


4- 








4-> 


4-> 


4-> 


o 


(/) 


CO 


• 

4-> 


CO 


w 


CO 


V 


'O 


4-> 


c/) 


4-> 


V 


V 


u 


G 


(/) 




V) 


G 


u 


CO 


CM 


iH 


G 

•H 


iH 


CM 


CO 


• 


• 


• 


flj 


• 


• 


• 


5 


5 


5 








til 



A. Using the map above, have pupils suggest the directions that 
must be given to find the following places in the town. Use 
the intersection of Main Street and Broadway as a reference 
or starting point. 

A. Art Museum (2 blocks E, 3 blocks N) 

B. Bayview School 

C. City Hall 

D. Dan*s Market 

E. Eastern Air Lines Office 

F. Fairmont Hospital 

G. General Post Office 

H. Hall of Records 

B. Locate the points G and A by means of ordered pairs of numbers 

giving the street first and avenue second. Answer: G (El, N4) 

III. Summary 

A. How many directions do you need to locate a point on a number line? 

B. How many directions do you need to locate a seat in a classroom? 
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Lessons 93 and 94 



Topic: The Graph of a Point in a Number Plane 

Aim: To learn that points in a plane and ordered pairs of numbers 
may be made to correspond 

Specific Objectives: 

To associate a point in the number plane with an ordered pair 
of numbers 

To match a pair of numbers with a point in a plane 

Challenge: Suppose P is a point in a plane that is not on the real 
number line drawn in the plane. 









_1 

-i 





t 



i 






How would you locate the position of point P? 



I, Procedure 

A. To associate a point in the number plane with an ordered pair 
of numbers 

1. jn reference to the challenge, elicit that P is directly 
above some point on the number line. 

2. How can we find the point on the number line directly below 
point P? (Draw a line through P perpendicular to the .'/.um- 
ber line.) 




3. Elicit that P is directly above the point associated with 
+3 on the number line. 

Are there any other points in the plane directly above or 
below the point associated with +3? (all other points on 
the perpendicular) 
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4. How can we distinguish the position of P from all other 
points on the perpendicular? (by associating numbers 
with the points on the perpendicular) 

Lead pupils to see that we could also solve this problem 
by drawing a second number line at right angles to the 
first in such a way that their zero points coincide* 




5. Elicit that P is to the right of some point on this second 
number line. 

How can we find this point on the second number line? 

(Draw a line through P perpendicular to the vertical num- 
ber line.) Point P is to the right of which point on the 
vertical number line? (the point associated with +1) 
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6. Have pupils realize that point P, which is three units to 
the right of the vertical line and one unit above the hori- 
zontal line may be represented by the ordered pair of numr- 
bers (3,1). The two numbers assigned to a point are called 
the coordinates of the point. The first coordinate gives 
the directed distance of a point from the vertical number 
line and the second coordinate gives the directed distance 
from the horizontal number line. ^ 

The plane on which we graph points is called the coordinate 
plane . The graphing of a point is called plotting a point. 

B. To match a pair of numbers with a point in a plane 

1. How can we find the graph of the ordered pair of numbers 
(-3,2)? 



2. Have pupils draw a vertical number line and a horizontal 
number line at right angles in such a way that their zero 
points coincide. 
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3, To locate the graph of (-3,2), have pupils draw a per- 
pendicular through the coordinate -3 on the horizontal 
number line", and a perpendicular through the coordinate 
+2 on the vertical number line. The point of inter- 
section of these lines is the graph of (-3,2). 




4. Have pupils locate each of these ordered number pairs on 
the coordinate plane. 

A. (-3,-1) B. (5,1) C. (2,-2) D. (-3,4) 
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Note to Teacher : After the pupils understand the principle 
of locating a point in a plane* show them that the use of 
graph paper will eliminate the necessity for the use of 
perpendiculars . 
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II. Practice 

A. Graph each of the ordered number pairs. 

1. (1,4) 2. (2,-1) 3. (-3,3) 4. (7,i) 

B. Name the coordinates of each point shown below. 




C. Name the coordinates of the vertices of each of these polygons. 




III. Summary 

A. What new vocabulary have you learned today? 

B. What are the two numbers in an ordered pair assigned to a 
point called? 

What does the first coordinate indicate? (directed distance 
of the point from the vertical number line) 

What does the second coordinate indicate? (directed distance 
of the point from the horizontal niynber line) 
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Lessons 95 and 96 



Topic: Graph of an Equation in Two Variables 



Aim: To learn to graph the solution set of an equation in two variables 
Specific Objectives: 



To review the solution of an equation in two variables 
To graph the solution set of an equation in two variables 

Challenge; The graph of 3x = 7 on the number line is a point* 

What is the graph of 3x + y = 7 on the coordinate plane? 

I. Procedure 



A* Review the solution of an equation in two variables 



1, Consider the equation: 3x + y = 7* Find an ordered 
pair of numbers which will make this sentence a true 
statement. Remind pupils that we are using the set of 
real numbers as a replacement set. 

Have pupils find various replacements for x and for y 
that will result in a true statement. For example. 



X 


3x + y = 7 


y 


0 


3(0)+ y = 7 


7 


1 


3(D+ y = 7 


4 


2 


3(2)+ y = 7 


1 



The ordered pairs of numbers (0,7), (1,4)» and (2,1) are 
solutions of the equation, 

2, Have pupils suggest other ordered pairs of numbers which 
are solutions of the equation, 

3, How many ordered pairs of numbers are there which will make 
the sentence true? (unlimited number) 



4 . 



Tell pupils we can indicate this solution set by using set- 
builder notation. We write f(x,y) 3x + y = 7> x € R and 
y € R}. This is read: the set of all ordered pairs of num- 
bers, (x,y) such that 3x + y = 7 and x belongs to the set 
of real numbers and y belongs to the set of real numbers. 
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B. Graphing the solution set of an equation in two variables 

1. Have pupils plot on the coordinate plane their solutions 
f or 3* + J = 7 • 
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3. 



4. 



Elicit that the points seem to lie on a straight line. 



Draw the line. 




Have pupils choose several other points that lie on t 
line, as for example (3,-2), (4,-5)* Have them test to 
see that the coordinates of these points are solutions 
of the equation. 
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3x + y =7 



3x + y =7 
3(4) + (-5) = 7 



3(3) + (-2) = 7 

9 + (-2) = 7 True 



12 + (-5) = 7 True 



5* Have pupils choose a point not on the line, such as (1,1)* 
Are the coordinates of this point a solution of the equa- 
tion? 



6. Elicit that this line appears to be the set of all those 

points and only those points whose coordinates satisfy the 
equation. 

Tell pupils that this is actually so, although we are not 
ready to prove it mathematically. 

Tell pupils that the line is the graph of the solution set 
of the equation 3x + y = 7. This line is also called the 
graph of the equation . 

Now answer the challenge. 

II. Practice 

A. Tell whether the given point is on the graph of the equaton. 



x + y = 2 (1,1) 

x + 2y = 5 (1,4) 

3x + y = 7 (-2,3) 

B. Graph each of the following equations. (Replacement set is the 

set of real numbers.) 

y = 3x + 1 
2x + y =4 
y - 2 -3x 

III. Summary 

List the steps in graphing an equation in two variables. 



3x + y = 7 
3(1) + 1 = 7 False 
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Lessons 97 and 98 
Topic: Graph of a Formula 

Aim: To learn to graph a formula in two variables 
Specific Objectives: 

To show the effect of a change in the replacement set on the 
graph of an open sentence in two variables 
To learn to assign an appropriate replacement set for the 
variables in a formula 
Graphing a formula 

Challenge: Some solutions for the open sentence y = 

(-1,-4), (0,0). 

Which of these are not solutions for the 
perimeter of a square: p = 4s? Why? 

I. Procedure 

A. The effect of the replacement set on a graph such as y * 4x 

1, Consider the equation y = 4x, Using the set of real num- 
bers as the replacement set, have pupils graph the equation. 



4x are (1,4)> 
formula of the 
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2. Have pupils graph the same equation y = 4x using the set 
of non-negative real numbers as the replacement set for each 
variable . 
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3. What is the name of the geometric figure shown by the set 
of points in A-l? (line) 

What is the name of the geometric figure shown by the set 
cf points in A-2? (ray) 

Lead pupils to see that because the replacement set contains 
no negative numbers, this graph is a ray with its end point 
at (0,0). 

4* Have pupils realize that the appearance of a graph changes 
with a change in the replacement set of each variable. 

B. An appropriate replacement set for the variables of a fomula 

1. Elicit that the formula for the perimeter of a square: 
p = 4s is similar to the equation y = 4x. 
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2 . Since s represents the number of units of measure in the 
side of a square, why should the value of s not be a negative 
number? 

3. Answer the challenge, 

4. Which of the following replacement sets would be appropriate 
for the variable s in the formula p — 4s? 

the set of all numbers you know 

the set of integers 

the set of non-negative real numbers 

Discuss why the last answer is the correct one, 

C, Graphing a formula 

Have pupils graph p = 4s. Replacement set for s: set of non- 
negative real numbers. 

1, Complete the table: 



s 


P = 4s 




0 


P = 4(0) 


0 


1 


p = 4(1) 


4 


2 


P - 4(2) 


9 

# 


Q 


9 


9 



2, Using the ordered pairs, draw the graph: 
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3. How does this compare with the graph in I-A-2? 

4. Elicit that the graph of a formula in two variables is 
constructed in the same way as the graph of an open sentence 
in two variables. 

4. Why is it necessary in some cases to limit the replacement 
set for a variable in a formula? If the formula relates to 
temperature, should the replacement set include negatives? 

II. Practice 

A. Graph the solution set of the open sentence y = 3x. Replacement 
set for x: set of real numbers. 

B. Graph the formula for the perimeter of an equilateral triangle, 

p = 3s. Replacement set for s: set of non-negative real numbers. 

C. Discuss the reasons for the difference in the replacement set 
for the variables in the two graphs. 

III. Summary 

A. In what way does a change in a replacement set affect the graph 
of an open sentence? 

B. What factor might determine the replacement set for a variable 
in a formula? 
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CHAPTER X 



SURFACE AREA AND VOLUME 



In this chapter are materials and suggested procedures for 
developing the pupils ability to: 

recognize various types of prisms and pyramids 
understand the term polyhedron 

find the lateral and total surface area of a prism, 
pyramid, and right circular cylinder 
understand and use the formula for the volume of a 
pyramid and the formula for the volume of a right 
circular cone 

The chapter begins with a brief review of some geometric terms 
such as closed plane figure, polygon, area, region, closed space figure, 
and volume* Pupils learn that a polyhedron is a closed space figure, 
all of whose faces are flat polygonal regions. They then recognize that 
both the prism and pyramid are polyhedra* 

After a brief review of terms applied to space figures such as 
faces, vertices, and edges, a general method for finding the lateral 
and total surface area of certain polyhedra if suggested. 

The formula for the volume of a prism is reviewed and an experi- 
ment suggested by which the pupils discover that the volume of a pyramid 
is — the volume of a prism of congruent base and equal height. 

3 

A method is suggested by which pupils discover that a right circu- 
lar cylinder is composed of a rectangular region and two circular regions. 
Based upon this understanding, the formula for the surface area of a cyl- 
inder is developed. 

Pupils review the formula for the volume of a right circular cyl- 
inder as preparation for the introduction of the formula for the volume 
of a right circular cone. Using a procedure similar to the one suggested 
for finding the volume of a pyramid, pupils are led to realize that the 
volume of a right circular cone is 1 the volume of a right circular cyl- 
inder of congruent base and equal height. 
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CHAPTER X 



SURFACE AREA AND VOLUME 
Lessons 99-104 



Lesson 99 

Topic? Plane and Solid Geometric Figures 

Aim: To review the characteristics of plane and solid geometric 

figures 

Specific Obj ectives : 

To review the meaning of the terms: plane figure, polygon, region 
area 

To review the meaning of the terms: space figures, solid, prism 
To introduce the terms: face, edge, vertices, as applied to space 
figures 

Challenge: How many faces, edges, and vertices does this figure have? 




Note to Teacher : It is suggested that in teaching the lessons on 
space figures in this chapter the teacher use, wherever possible, phys- 
ical models and permit the pupils to handle them. Some of the lessons 
require an ability to visualize a space figure from a drawing. However, 
visualizing a three-dimensional figure from a two-dimensional drawing 
should come after the pupils have had an opportunity to work with phys- 
ical models. 

It may be necessary to guide pupils in the freehand drawing of three- 
dimensional figures. Tell pupils that it is customary to represent by 
line segments only those edges we can see, while the other edges are 
represented by a series of dashes. 

I. Procedure 

A. Review of some terms related to plane figures 

1. Elicit that a flat surface such as the chalkboard is a model 
of the mathematical idea called a plane ♦ Unlike the chalk- 
board, a plane extends indefinitely without limit. 

2. Which of the following are models of parts of a plane? 

the top of your desk the surface of the floor 

a piece of chalk a cup 
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3. Have each pupil select a piece of paper from his notebook. 

a. Elicit that the surface of the paper is a model of part 
of a plane. 

b. On the paper have pupils draw a picture of a triangle, 
a rectangle, a pentagon, a hexagon. 

c. Elicit that each of these is a drawing of a closed plane 
figure. 

4. Have pupils recall that any simple closed plane figure fomed 
by the union of line segments is called a polygon. 

a. Elicit that each of the figures they have drawn belongs to 
the set of polygons. 

b. Have pupils recall that a polygon divides a plane into 
three sets of points 

those in the interior 
those in the exterior 
those on the p jlygon (boundary) 

Have pupils illustrate the three sets of points on their 
drawings . 

c. Elicit that the union of the set of points on the polygon 
and those in the interior form a polygonal region . A 
measure of a region is its area . 

Have pupils shade in a region on each of their drawings. 

B. Review of some terms related to space figures 

1. How does a space figure differ from a plane figure? (A 
space figure is one all of whose points do not lie in the 
same plane.) 

2. Have pupils point out models of space figures in the classroom, 
e.g., books, chalk box, and so on. Elicit that the classroom 
itself is a modei of a space figure. 

3. Have pupils recall that a closed space figure conpletely en- 
closes a portion of space just as a closed plane figure en- 
closes a portion of a plane. 

4. Elicit that a closed space figure or solid divides space into 
three sets of points 

those in the interior 
those in the exterior 
those on the figure (boundary) 
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5. A measure of a solid is its volume . 

C. Introducing the terms faces, edges, vertices 

1* Show pupils a physical model of the figure in the challenge. 
Elicit that it is a closed space figure formed by the union 
of rectangular regions. Have pupils recall that such a 
figure is a prism. 

2. Tell pupils that the sides of a prism are called faces . The 
line segments formed by the intersection of two faces are 
called edges . The points of intersection of the three faces 
are called vertices. 

3* Answer the challenge. 

II, Practice 



A. Name 3 objects in the classroom which could be considered models 
of plane figures. Name three models of space figures. 

B. Which of these plane figures are polygons? 





D. How many faces, edges, and vertices does a cube have? 

III. Summary 

A. Show by illustration the difference between a plane figure 
and a space figure. 

B. Is a polygon a space figure or a plane figure? Name five 
members of the set of polygons. 

C. Use a book as a model and point out a face, an edge, and a vertex. 
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Lesson 100 



Topic: Meaning of a polyhedron 

Aim: To learn to recognize various types of polyhedra 
Specific Objectives: 

To recognize, name, and sketch various types of prisms and 
pyramids 

To introduce the. term polyhedron 

Challenge: In what way are these two closed 
space figures alike? 



Note to Teacher : In this grade we need not include the oblique prism, 
oblique pyramid, oblique cylinder, or oblique cone. 

I. Procedure 

A* Various kinds of prisms 

1, Show pupils models of various types of prisms. 



a. Have pupils observe that each prism has at least two 
parallel congruent faces. These faces are called the 
bases of the prism. 

b. Have pupils observe that a rectangular prism has more 
than two parallel congruent faces; any such pair may be 
considered bases* 

c* Have pupils observe that the bases of a prism may be any 
type of polygon region: triangular, rectangular, pentagonal, 

hexagonal, etc* 
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d. Tell pupils that a prism is named for the shape of its 
base. Have pupils identify and sketch models of tri- 
angular prism, rectangular prism, etc, 

2. a. Faces which are not bases are called lateral faces. Have 

pupils point out the lateral faces of each prism, 

b. Elicit the number of faces, edges, and vertices for each 
of the models. 

c. What relation seems to exist between the number of lateral 
faces a prism has and the number of edges of the polygonal 
region which forms its base? 

d. Lead pupils to see that for any of these prisms, regardless 
of the shape of the base, the lateral faces are always 
rectangular regions. 

e. Elicit that the common name for a prism, all of whose faces 
are squares, is a cube. 

3. Show pupils models of various types of pyramids. 




a. What type of polygon region is each lateral face of the 
pyramid? Elicit that all the lateral faces come together 
in one point. Tell pupils this point is called the apex 
or vertex of the pyramid. 

b. Name the types of polygons which bound the base of each 
of the pyramids. 

c. Tell pupils that the pyramid, like the prism, takes its 
name from the shape of its base. Have pupils identify and 
sketch models which represent a triangular pyramid, rec- 
tangular pyramid, pentagonal pyramid, hexagonal pyramid, 
etc. 

d. For each model of a pyramid, elicit the number of faces, 
the number of edges, the number of vertices. 
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B. The Polyhedron 

1* Have pupils compare the models of the. set of prisms with 
the set of pyramids. Elicit that each is a closed space 
figure, each is composed of flat (plane) surfaces which 
are polygonal regions. 

2. Answer the challenge. 

3. Tell pupils that the name polyhedron is given to any closed 
space figure formed by the union of plane surfaces which are 
polygonal regions. The word polyhedron comes from the Greek: 
"poly" meaning ,, many ,t and "hedra" meaning "faces. n Elicit 
that a prism and a pyramid are members of the set of polyhedra 
(plural of polyhedron). 

II. Practice 

A. Name and sketch three objects in the classroom which have the 
shape of a prism. 

B. Name any three objects which have the shape of a pyramid. Sketch 
these. 

C. What is the difference between the number of faces, edges, and 
vertices of a cube and a square pyramid? 

D. How many faces would an octagonal prism have? an octagonal pyramid? 

E. (Optional) Have pupils count the number of faces, edges, and ver- 
tices of several prisms and pyramids. Have them observe that when 
F represents the number of faces, E the number of edges, and V the 
number of vertices, then F - E + V = 2 for all polyhedra studied 
so far. 

III. Summary 

A. How is the name of a prism determined? 

How is the name of a pyramid determined? 

B. What do we mean when we say a figure is a polyhedron? 



♦ 
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Lesson 101 



Topic: Surface Area 

Aim: To develop a method for finding the surface area of a prism 
and of a pyramid 



Specific Objectives: 

To learn the meaning of surface area of a polyhedron 
To develop a method for finding the surface area of a prism 
To develop a method for finding the surface area of a pyramid 



Challenge: Jack is to paint the total surface 
of this prism, Joel is to paint 
the total surface of this pyramid. 
Which boy has the greater area of 
surface to paint? State the dif- 
ference in area in square feet. 

I. Procedure 



/ / 


81 


J 




A. Refer to challenge. 

1. Elicit that to answer the challenge we find the total sur- 
face area of each figure. We then subtract to find the 
difference in area. 

2. Consider the prism. What kind of polygonal region is each 
face? 



3. What is the area of the top face? Which face has an area 
equivalent to the area of the top face? What is the combined 
area of these two faces? (72 sq. ft.) 

4. what is the area of the face whose length is 6* and height is 
8’? (48 sq. ft.) Have pupils indicate the other faces with an 

area of 48 sq. ft. 

5. Total area of the four lateral faces is 4 X 48 or 192. 

6. Total area = 2 (area of base) + area of the lateral faces 

= 72 + 192 

= 264 

The total surface area of the prism is 264 sq. ft. 
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B. Have pupils study the model of the pyramid. 

1# What type of polygonal region is the base of the pyramid? 
(square region) 

2. What type of region is each lateral face? (triangular region) 

3. Elicit that to find the area of a triangular region the base 
and height must be known. 

4. Refer to diagram in challenge. 

Show pupils how the pyramid would 
look if it were cut along the 
lateral edges so that it would 
lie flat. 



Elicit that the line segment AK 
is the altitude of the triangle 
CDA and its length is 8*. 

5. Tell pupils that while the length of AK is the height of the 
triangle CDA* it is called the slant height of the pyramid. 
Elicit that the name slant height is an appropriate one. 

6. Elicit that the height of each triangular region is the same 
in this case. 

7. What is the area of the triangular region CDA? (J(6x8)) 

How many such regions are there? What is the total lateral 
area? (4x24 or 96 sq. in.) 

8. What is the area of the base region? (36 sq. in.) 

9. To find the total surface area, we find the sum of the areas 
of all the faces. 

Total area = area of base + area of lateral faces 
= 36 + 4 (24) 

= 36 +96 

= 132 

The total surface area of the pyramid is 132 sq. ft. 

10. Answer the challenge. 

Jack has to paint 264 sq. feet. 

Joel has to paint 132 sq. feet. 

Difference 132 sq. feet. 
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lie Practice 



A. Find the total surface area of a cube if one edge is 9 inches. 

B. Find the total surface area of a square pyramid if one edge 

of the base is 4 inches and the slant height is £ inches. 

C. Find the lateral surface area of a regular prism if its base is 
7 inches long, 8 inches wide, and its height measures 10 inches. 

III. Summary 

A. How do we find the total surface area of a prism? 

B. How do we find the total surface area of a pyramid? 

C. What is the meaning of slant height? 

D. What is the difference between total surface area and lateral 
surface area? 
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Lesson 102 



Topic: Volume of a Pyramid 

Aim: To develop a formula for finding the volume of a pyramid 
Specific Objectives: 



To review the formula for finding the volume of a prism 



To relate the formula for the volume of 
formula for the volume of a prism 

Challenge: How many times as great as the 
volume of the pyramid is the 
volume of the prism? 

I, Procedure 



a pyramid to the 





A, Review the formula for the volume of a prism# 



1. Refer to figure in challenge. Elicit that the volume of 
a prism can be found by the formula V = Bh where B repre- 
sents the area of the base and h the height of the prism. 



2. Have pupils find B. 

B = l x w 
= 4x3 
= 12 



V = Bh 
= 12 X 5 
= 60 

The volume of the prism is 60 cu. in. 



B. Volume of a pyramid 

1. Refer to the pyramid in the challenge. Tell pupils that 
the height of a pyramid is the length of the perpendicular 
line segment from the apex to the base. 
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EF is the perpendicular from the apex A to the base region 
ADCB. The height of the pyramid is the measure of EF. 

Note to Teacher : Using models of a prism and a pyramid 
whose bases are congruent and whose heights are the same, 
it can be shown by experimentation that the volume of a 
pyramid is — the volume of a prism. 

By filling the pyramid with salt and emptying it into the 
prism, the pupils will see that the prism contains 3 times 
the amount of salt contained in the pyramid. 

In presenting the lesson, use the experiment above if models 
are available. If not, tell pupils it can be done. 

2. The formula for the volume of a prism is V = Bh: therefore, 
the formula for the volume of a pyramid is V = — Bh. 

3 

3. Have pupils find the volume of the pyramid in the challenge. 

v = r Bh 

= i- X 12 X 5 

o 

= 20 

Volume of the pyramid is 20 cu. in. 

4. Answer the challenge. 

II. Practice 

A. Find the volume of a pyramid with the following bases and heights. 
Area of Base Height 



B. If the area of the base of a prism is 30 sq. in. and its height is 
10 inches, find the volume of a pyramid with the same height and 
congruent base. 

C. If the area of the base of a pyramid is 8 sq. ft. and its height 
is 3 feet, what is the volume of a prism with the same height and 
a congruent base? 



10 sq. in 
15 sq. in 
25 sq. in 



3 in. 
2 in. 
6 in. 



D. Find the volume of a pyramid whose base is a square, the 
measure of whose side in inches is 8, and whose height is 
12 inches, 

E. The area of the base of a pyramid is 81 square inches. 

The height of the pyramid is 6 inches. Find the volume 
of the pyramid. 

III. Summary 

A. What is the general formula for the volume of a prism? 

B. How does the volume of a prism compare with the volume of 
a pyramid of the same height and base? 

C. How does the volume of a pyramid compare with the volume 
of a prism of the same height and base? 



Lesson 103 



Topic: Surface Area of a Right Circular Cylinder 

Aim: To develop a method for finding the surface area of a right 
circular cylinder 

Specific Objectives: 

To learn the meaning of surface area of a right circular cylinder 
To develop a formula for finding the lateral area of a right 
circular cylinder 

To develop a formula for finding the total surface area of a right 
circular cylinder 

Challenge: What two familiar geometric figures are combined to form 
the surface of a right circular cylinder? 

I. Procedure 

A* Meaning of surface and surface area of a cylinder 

1. Show pupils models of right circular cylinders. If necessary, 
use a can of soup, a cereal container, etc* 

What kind of geometric figure is each of the two bases? 
(circular regions) 

How do the bases compare in size? 

What word is used to describe two geometric figures which 
have the same size and shape? 

2. Show pupils how a cylindrical surface can be formed from a 
rectangular sheet of paper. 



w 

i 

d 

t 

h' 

length 




3. Answer the challenge. 



or 
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